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But First, a Diversion

• FFTs on hardware?

• Yes! But not on your computer

• First outlined by D. Cohen, 1976 [1]

• Seems like it was first implemented in 1988 [2]

• Current applications seem to be very ML focused

• Specialized chips

• Convolutional neural nets [3]
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Analog is the Future

• Veritasium video here 

• Analog FFT chip?

• No fully analog chip yet?

• Designed a year ago [4]
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https://youtu.be/GVsUOuSjvcg


Gaussian Elimination on Hardware?

• Gaussian Elimination over GF(2)

• GF(2) or ℤ/2ℤ, Galois field with two elements

• Field with the smallest number of elements

• Typically used as 0 and 1, or true and false

• Regular Gaussian Elimination is O(n3),  c = 1/3

• Software GE over GF(2) still is O(n3), c = 1/4

• Hardware GE over GF(2) is at worst O(n2) in time and space [5]

• On average O(n) in time, c = 2

• Exceptions; very sparse or very dense

• 0.05 < α < 0.95
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How Do They Do It?

• Shiftup computed until 

a11 = 1

• Pivoting?

• Add a1 to all other rows 

where ai1=1

• Shift-up all rows

• Shift-left of all columns

• All rows are “collected” 

at bottom
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How Do They Do It?
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Sparce Matrices

• What is a sparce matrix?

• Wikipedia: 

Number of non-zero entries in Anxm ≈ n or m

• Learn Data Science: 

2/3 of A is 0

• Sparsity 

• Number of 0s divided by nxm
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Implementation

• Python, Scipy
• coo_matrix

• COOrdinate format

• csc_matrix
• Compressed Sparse Column

• csr_matrix
• Compressed Sparse Row

• dia_matrix
• DIAgonal storage

• bsr_matrix
• Block Sparse Row

• lil_matrix
• row-based LIst of Lists
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COO

• Advantages of the COO format

• Facilitates fast conversion among sparse formats

• Very fast conversion to and from CSR/CSC formats

• Disadvantages of the COO format

• No arithmetic operations

• No slicing

• Intended Usage

• COO is a fast format for constructing sparse matrices

• Once a matrix has been constructed, convert to CSR or CSC

9(taken from Scipy documentation)



CSC(R)

• Advantages of the CSC(R) format

• Efficient arithmetic operations CSC(R)+CSC(R), CSC(R)*CSC(R)

• Efficient column (row) slicing

• Fast matrix vector products; CSR may be faster than CSC

• Disadvantages of the CSC(R) format

• Slow row (column) slicing operations 

• Changes to the sparsity structure are expensive (consider LIL)

10(taken from Scipy documentation)



DIA/BSR

• DIA

• Easy to build for constant 

diagonal or circulant 

matrices

• BSR

• Similar to CSR

• Useful for vector-valued 

FE discretization

• May provide blocksize

11(taken from Scipy documentation)



LIL

• Advantages of the LIL format

• Supports flexible slicing

• Changes to the matrix sparsity structure are efficient

• Disadvantages of the LIL format

• Arithmetic operations are slow (consider CSR or CSC)

• Slow column slicing (consider CSC)

• Slow matrix vector products (consider CSR or CSC)

12(taken from Scipy documentation)



LIL

• Intended Usage

• LIL is a convenient format for constructing sparse matrices

• Once a matrix has been constructed, convert to CSR or CSC 

format 

• Consider using the COO format when constructing large 

matrices

13(taken from Scipy documentation)



Flowchart 
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Doing Math (Optimally)

• Tridiagonal Solver
• Thomas Algorithm

• O(n)

• ai → 0, bi → 1

• Replace ci with:

• Replace di with:

• Backsubtitute to solve:
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History

• Llewellyn H. Thomas (1903-1992)
• Physicist and applied 

mathematician

• Big in quantum mechanics

• Thomas algorithm seems to come 
out of [6] (1942)

• “LHT had a huge influence on the 
physics, mathematics, and machine 
design principles and hardware of 
the Watson Lab.”[7]
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Numerical Experiments

• Device specifications

• 2016 Dell Inspiron 15

• Intel Core i5-7200U

• CPU at 2.50GHz

• 8.00 GB Ram (memory exceeded with n= 5x106 square matrix)*

• 64-bit operating system

• Software

• Python 3.9.13

• Scipy 1.9.1
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Numerical Experiments

• Recall CSR may be faster than CSC

• Some questions to ask:

• What are the build times?

• What are the solve times?

• How expensive is converting sparce 

matrix types?

• How does the sparsity structure 

change run efficiency?

18

Block Tridiagonal(?)



Numerical Experiments
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Build Time• Solving Ax=b

• A tridiagonal

• A tridiagonal with additional 

entries at j=±5

• Built with LIL

• Building A is the most 

expensive process



Numerical Experiments
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Solve Time Conversion Time

SS



Numerical Experiments
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Solve Time Conversion Time

SS



Numerical Experiments
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• CSR vs CSC doesn’t make 

that much of a difference

• Scipy might be inverting the 

matrix in order to solve 

Ax=b

• Memory runs outs at solve 

step

• Hand made sparse solver?

Check that I am doing the right thing

S



Numerical Experiments
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Solve Time Error Check



Numerical Experiments
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• Thomas algorithm does not 

take as much memory

• Non-banded matrices?

• Finite element motivated 

• Tri-diagonal + 1% filled

• Still sparse

• Symmetric positive (hopefully 

definite)

• How well does Scipy handle this?



Numerical Experiments
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Solve Time Error Check



Numerical Experiments
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• Awful!

• SPSolve does not have any tricks up its 

sleeves

• Perhaps it needed to be at least 5% 

sparse?

• Next part is at most 10% sparse + 

tridiagonal

• There is another way!

• Iterative methods

• Scipy has 10 different iterative

Ax = b solvers

• How do they compare?

Build Time



Numerical Experiments
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Solve Time Error Check



Numerical Experiments
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Solve Time Error



Discovering Where I Should Have Started

• Numerical Linear Algebra (L. N. Trefethen and D. Bau, 1997)
• Part VI is iterative methods

• Mentions most of scipy’s implemented methods
• BIConjugate Gradient

• BIConjugate Gradient STABilized (1992)

• Conjugate Gradient (1952)

• Conjugate Gradient Squared (1989)

• MINimal RESidues

• Generalized Minimal RESiduals

• Quasi-Minimal Residuals (1991)

• Transpose-Free QMR (1993)

• New methods
• Loose GMRES [8] (2004)

• Generalized Conjugate Residuals [9] (1983) with inner Orthogonalization 
[10] (1996) Truncated [11] (1999) for an (M,K) matrix
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Arnoldi Iteration

• Simply the modified Gram-Schmidt iteration

• One interpretation is the Krylov subspaces/matrices

• Which has a reduced QR factorization
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GRMES

• Minimizes rn = b – A(mxm)xn over all vectors

• Least squares problem with Hessenburg structure

• QR factorization for O(m2) 

• With a Givens rotation it is apparently O(m)…?
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CG

• If A is dense, O(m2)/step 

• If A is sparse, potentially O(m)/step
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Numerical Experiments
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Solve Time Error



Numerical Experiments
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• Sacrifice accuracy for time

• Seems to be O(m log(m))

• Things I didn’t look at

• Preconditioning

• Tolerance conditions

Build Time



Summary

• Sparse storage is useful 

• Building 

• Storing

• Directly solve “simple” sparse systems (via Thomas or 

inversing)

• Iteratively solve more complex systems

• If your problem is big, you should either parallelize, 

move to hardware, or both
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Other Implementations
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My Unanswered Questions

• Why does error go as O(n1/2)?
• CG has a convergence to a tolerance in O(κ1/2)

• κ is the 2-norm condition number

• Is this a related property for all methods?

• Stability concerns?
• All my matrices are (with high likelihood) positive symmetric definite

• Many of the methods do not work (it seems) if not

• Looking for the right tool for the job, not just using all the tools

• Doing Other Math (Optimally)
• Inverses [12]

• LU decomposition

• QR factorization

• Matrix-vector multiplication
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Questions?
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# -*- coding: utf-8 -*-
"""
Created on Sun Apr  9 14:51:18 2023

@author: Austin Smith
"""
import numpy as np
import time
from scipy.sparse import dia_matrix
import scipy
import matplotlib.pyplot as plt

ns = [10**4,3*10**4,5*10**4,8*10**4,10**5,3*10**5,5*10**5,8*10**5,10**6,3*10**6]
norm0=[]
build_time=[]
conversion_time=[]
solve_time_tri=[]
for n in ns:

start_time=time.time()

ex = np.ones(n)
data = np.array([ex, 100.0 * ex, ex])
offsets = np.array([-1, 0, 1])
A=dia_matrix((data, offsets), shape=(n, n))

end_time=time.time()-start_time
build_time.append(end_time)

b=np.random.rand(n)+1.0

start_time=time.time()
A=A.tocsr()
end_time=time.time()-start_time
conversion_time.append(end_time)

start_time=time.time()
x=scipy.sparse.linalg.spsolve(A,b)
end_time=time.time()-start_time
solve_time_tri.append(end_time)

norm0.append(np.linalg.norm(A.dot(x)-b))

#------------------------------------------------------------------------------
aa=1*10

bb=2*10
cc=5*20
dd=2*10

ee=1*10
#------------------------------------------------------------------------------

#------------------------------------------------------------------------------

ns = [10**4,3*10**4,5*10**4,8*10**4,10**5,3*10**5,5*10**5,8*10**5,10**6,3*10**6]

build_time=[]
conversion_time1=[]
conversion_time2=[]
solve_time_off_pent1=[]
solve_time_off_pent2=[]
norm1=[]
norm2=[]
for n in ns:

print(n)
start_time=time.time()

ex = np.ones(n)
A=scipy.sparse.lil_matrix((n,n))
for j in range(0,n):

A[j,j]=cc
if j==0:

A[j,j+1]=dd
A[j,j+5]=ee

elif j==n-1:
A[j,j-1]=bb
A[j,j-5]=aa

elif j<5:
A[j,j-1]=bb
A[j,j+1]=dd
A[j,j+5]=ee

elif j>n-6:
A[j,j+1]=dd
A[j,j-1]=bb   
A[j,j-5]=aa

else:
A[j,j-1]=bb
A[j,j+1]=dd
A[j,j+5]=ee
A[j,j-5]=aa

end_time=time.time()-start_time
build_time.append(end_time)

"""
if n==ns[0]:

plt.figure(figsize=(5,5),dpi=300)
plt.grid()
plt.spy(A)
plt.show()
plt.close()

"""
b=np.random.rand(n)

start_time=time.time()
A1=A.tocsc()
end_time=time.time()-start_time
conversion_time1.append(end_time)

start_time=time.time()
x=scipy.sparse.linalg.spsolve(A1,b)
end_time=time.time()-start_time
solve_time_off_pent2.append(end_time)

norm1.append(np.linalg.norm(A.dot(x)-b))

start_time=time.time()
A2=A.tocsr()
end_time=time.time()-start_time
conversion_time2.append(end_time)

start_time=time.time()
x=scipy.sparse.linalg.spsolve(A2,b)
end_time=time.time()-start_time
solve_time_off_pent1.append(end_time)

norm2.append(np.linalg.norm(A.dot(x)-b))

plt.figure(figsize=(5,5),dpi=300)
plt.grid()

plt.loglog()
plt.ylabel(r"Time[$s$]")
plt.xlabel(r"n")
P,c= np.polyfit(np.log(np.asarray(ns)),np.log(np.asarray(solve_time_tri)),1) #fitting the line
plt.plot(ns,solve_time_tri,marker=".",label=r"Tridagonal, CSR $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns)),np.log(np.asarray(solve_time_off_pent1)),1) #fitting the line
plt.plot(ns,solve_time_off_pent1,marker=".",label="Block Diagonal, CSR, $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns)),np.log(np.asarray(solve_time_off_pent2)),1) #fitting the line
plt.plot(ns,solve_time_off_pent2,marker=".",label="Block Diagonal, CRC $O(n^{" +"{:.3f}".format(P)+"})$")
plt.legend()
plt.show()
plt.close()

plt.figure(figsize=(5,5),dpi=300)
plt.grid()

plt.loglog()
plt.ylabel(r"Time[$s$]")
plt.xlabel(r"n")
P,c= np.polyfit(np.log(np.asarray(ns)),np.log(np.asarray(conversion_time)),1) #fitting the line
plt.plot(ns,conversion_time,marker=".",label=r"Tridagonal, CSR $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns)),np.log(np.asarray(conversion_time1)),1) #fitting the line
plt.plot(ns,conversion_time1,marker=".",label="Block Diagonal, CSR, $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns)),np.log(np.asarray(conversion_time2)),1) #fitting the line
plt.plot(ns,conversion_time2,marker=".",label="Block Diagonal, CRC $O(n^{" +"{:.3f}".format(P)+"})$")
plt.legend()
plt.show()
plt.close()

plt.figure(figsize=(5,5),dpi=300)
plt.grid()

plt.loglog()
plt.ylabel(r"||Ax-b||$_2$")
plt.xlabel(r"n")
P,c= np.polyfit(np.log(np.asarray(ns)),np.log(np.asarray(norm0)),1) #fitting the line
plt.plot(ns,norm0,marker=".",label=r"Tridagonal, CSR $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns)),np.log(np.asarray(norm1)),1) #fitting the line
plt.plot(ns,norm1,marker=".",label="Block Diagonal, CSR, $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns)),np.log(np.asarray(norm2)),1) #fitting the line
plt.plot(ns,norm2,marker=".",label="Block Diagonal, CRC $O(n^{" +"{:.3f}".format(P)+"})$")
plt.legend()
plt.show()
plt.close()
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# -*- coding: utf-8 -*-
"""
Created on Mon Apr 10 13:56:26 2023

@author: Austin Smith
"""
import numpy as np
import time
from scipy.sparse import dia_matrix
import scipy
import matplotlib.pyplot as plt

def thomas(a,b,c,d):
#if linalg.norm(a)+linalg.norm(c) > linalg.norm(b):
#    print('WARNING: ILL-CONDITIONED MATRIX, RESULTS MAY BE INNACURATE')

#d must must be a numpy array
cp_arr = np.zeros(len(d))
dp_arr = np.zeros(len(d))
v_arr =  np.zeros(len(d))
cp_arr[0] = c/b
dp_arr[0] = d[0]/b

for j in range(1,len(d)):
cp_arr[j] = c/(b-a*cp_arr[j-1])
dp_arr[j] = (d[j]-a*dp_arr[j-1])/(b-a*cp_arr[j-1])

v_arr[-1] = dp_arr[-1]
for j in range(len(d)-2, -1,-1):

v_arr[j] = dp_arr[j]-v_arr[j+1]*cp_arr[j]
return v_arr

ns = [10**4,3*10**4,5*10**4,8*10**4,10**5,3*10**5,5*10**5,8*10**5,10**6,3*10**6,5*10**6,8*10**6,10**7,10**8]
norm_sp=[]
norm_AS=[]
build_time_sp=[]
conversion_time_sp=[]
solve_time_tri_sp=[]
solve_time_tri_AS=[]
SPCount=0
for n in ns:

start_time=time.time()

ex = np.ones(n)
data = np.array([ex, 100.0 * ex, ex])
offsets = np.array([-1, 0, 1])
A=dia_matrix((data, offsets), shape=(n, n))

end_time=time.time()-start_time
build_time_sp.append(end_time)

b=np.random.rand(n)+1.0

if n < 3*10**6 + 1:
start_time=time.time()
A=A.tocsr()
end_time=time.time()-start_time
conversion_time_sp.append(end_time)

start_time=time.time()
x=scipy.sparse.linalg.spsolve(A,b)
end_time=time.time()-start_time
solve_time_tri_sp.append(end_time)

norm_sp.append(np.linalg.norm(A.dot(x)-b))
SPCount+=1

start_time=time.time()
x=thomas(1.0,100.0,1.0,b)
end_time=time.time()-start_time
solve_time_tri_AS.append(end_time)

norm_AS.append(np.linalg.norm(A.dot(x)-b))

plt.figure(figsize=(5,5),dpi=300)
plt.grid()

plt.loglog()
plt.ylabel(r"Time[$s$]")
plt.xlabel(r"n")
P,c= np.polyfit(np.log(np.asarray(ns[:SPCount])),np.log(np.asarray(solve_time_tri_sp[:SPCount])),1) #fitting the line
plt.plot(ns[:SPCount],solve_time_tri_sp[:SPCount],marker=".",label=r"Scipy $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns)),np.log(np.asarray(solve_time_tri_AS)),1) #fitting the line
plt.plot(ns,solve_time_tri_AS,marker=".",label=r"AustinSmith $O(n^{" +"{:.3f}".format(P)+"})$")

plt.legend()
plt.show()
plt.close()

plt.figure(figsize=(5,5),dpi=300)
plt.grid()

plt.loglog()
plt.ylabel(r"||Ax-b||$_2$")
plt.xlabel(r"n")
P,c= np.polyfit(np.log(np.asarray(ns[:SPCount])),np.log(np.asarray(norm_sp[:SPCount])),1) #fitting the line
plt.plot(ns[:SPCount],norm_sp[:SPCount],marker=".",label=r"Scipy $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns)),np.log(np.asarray(norm_AS)),1) #fitting the line
plt.plot(ns,norm_AS,marker=".",ls="--",label="Austin Smith $O(n^{" +"{:.3f}".format(P)+"})$")

plt.legend()
plt.show()
plt.close()

Codes, Unoptimally
# -*- coding: utf-8 -*-
"""
Created on Mon Apr 10 15:42:58 2023

@author: 15303
"""

import numpy as np
import time
from scipy.sparse import dia_matrix
import scipy
import matplotlib.pyplot as plt

#ns1 = [10**3,2*10**3,3*10**3,4*10**3,5*10**3,6*10**3,7*10**3,8*10**3,9*10**3,10**4]#,3*10**5,5*10**5,8*10**5,10**6,3*10**6]
ns2 = [10**5,2*10**5,3*10**5,4*10**5,5*10**5,6*10**5,7*10**5,8*10**5,9*10**5,10**6,2*10**6,3*10**6,4*10**6,5*10**6,6*10**6,7*10**6,8*10**6,9*10**6,10**7]#,3*10**5,5*10**5,8*10**5,10**6,3*10**6]

norm1=[]
norm2=[]
norm3=[]
norm4=[]
norm5=[]
norm6=[]
norm7=[]
norm8=[]
norm9=[]
norm10=[]
norm11=[]

build_time=[]
conversion_time=[]

solve_time_1=[]
solve_time_2=[]
solve_time_3=[]
solve_time_4=[]
solve_time_5=[]
solve_time_6=[]
solve_time_7=[]
solve_time_8=[]
solve_time_9=[]
solve_time_10=[]
solve_time_11=[]

"""
for n in ns1:

print(n)
start_time=time.time()

ex = np.ones(n)
data = np.array([ex, 100.0 * ex, ex])
offsets = np.array([-1, 0, 1])
D=dia_matrix((data, offsets), shape=(n, n))

O=scipy.sparse.lil_matrix((n,n))
for i in range(0,n):

r_col=np.random.randint(0,n-1)
r_row=np.random.randint(0,n-1)
O[r_row,r_col]=1.0
O[r_col-n,r_row-n]=1.0   

A1=D.tocsr()+O.tocsr()

end_time=time.time()-start_time
build_time.append(end_time)

b=np.random.rand(n)+1.0

start_time=time.time()
x=scipy.sparse.linalg.spsolve(A1,b)
end_time=time.time()-start_time
solve_time_1.append(end_time)

norm1.append(np.linalg.norm(A1.dot(x)-b))
"""
build_time=[]
for n in ns2:

print(n)
start_time=time.time()

ex = np.ones(n)
data = np.array([ex, 100.0 * ex, ex])
offsets = np.array([-1, 0, 1])
D=dia_matrix((data, offsets), shape=(n, n))

O=scipy.sparse.lil_matrix((n,n))
for i in range(0,n):

r_col=np.random.randint(0,n-1)
r_row=np.random.randint(0,n-1)
O[r_row,r_col]=1.0
O[r_col-n,r_row-n]=1.0   

A=D.tocsr()+O.tocsr()

end_time=time.time()-start_time
build_time.append(end_time)

b=np.random.rand(n)+1.0

"""
start_time=time.time()
x=scipy.sparse.linalg.bicg(A,b)
end_time=time.time()-start_time
solve_time_2.append(end_time)

norm2.append(np.linalg.norm(A.dot(x[0])-b))

start_time=time.time()
x=scipy.sparse.linalg.bicgstab(A,b)
end_time=time.time()-start_time
solve_time_3.append(end_time)

norm3.append(np.linalg.norm(A.dot(x[0])-b))
"""
start_time=time.time()
x=scipy.sparse.linalg.cg(A,b)
end_time=time.time()-start_time
solve_time_4.append(end_time)

norm4.append(np.linalg.norm(A.dot(x[0])-b))
"""
start_time=time.time()
x=scipy.sparse.linalg.cgs(A,b)
end_time=time.time()-start_time
solve_time_5.append(end_time)

norm5.append(np.linalg.norm(A.dot(x[0])-b))
"""
start_time=time.time()
x=scipy.sparse.linalg.gmres(A,b)
end_time=time.time()-start_time
solve_time_6.append(end_time)

norm6.append(np.linalg.norm(A.dot(x[0])-b))
"""
start_time=time.time()
x=scipy.sparse.linalg.lgmres(A,b)
end_time=time.time()-start_time
solve_time_7.append(end_time)

norm7.append(np.linalg.norm(A.dot(x[0])-b))    

start_time=time.time()
x=scipy.sparse.linalg.minres(A,b)
end_time=time.time()-start_time
solve_time_8.append(end_time)

norm8.append(np.linalg.norm(A.dot(x[0])-b)) 

start_time=time.time()
x=scipy.sparse.linalg.qmr(A,b)
end_time=time.time()-start_time
solve_time_9.append(end_time)

norm9.append(np.linalg.norm(A.dot(x[0])-b)) 

start_time=time.time()
x=scipy.sparse.linalg.gcrotmk(A,b)
end_time=time.time()-start_time
solve_time_10.append(end_time)

norm10.append(np.linalg.norm(A.dot(x[0])-b)) 

start_time=time.time()
x=scipy.sparse.linalg.tfqmr(A,b)
end_time=time.time()-start_time
solve_time_11.append(end_time)

norm11.append(np.linalg.norm(A.dot(x[0])-b))
"""

plt.figure(figsize=(5,5),dpi=300)
plt.grid()

plt.loglog()
plt.ylabel(r"Time [$s$]")
plt.xlabel(r"n")
"""
P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(solve_time_2)),1) #fitting the line
plt.plot(ns2,solve_time_2,marker=".",label="BICG $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(solve_time_3)),1) #fitting the line
plt.plot(ns2,solve_time_3,marker=".",label="BICGSTAB $O(n^{" +"{:.3f}".format(P)+"})$")
"""
P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(solve_time_4)),1) #fitting the line
plt.plot(ns2,solve_time_4,marker=".",label="CG $O(n^{" +"{:.3f}".format(P)+"})$")

"""
P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(solve_time_5)),1) #fitting the line
plt.plot(ns2,solve_time_5,marker=".",label="CGS $O(n^{" +"{:.3f}".format(P)+"})$")
"""

P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(solve_time_6)),1) #fitting the line
plt.plot(ns2,solve_time_6,marker=".",label="GMRES $O(n^{" +"{:.3f}".format(P)+"})$")
"""
P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(solve_time_7)),1) #fitting the line
plt.plot(ns2,solve_time_7,marker=".",label="LGMRES $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(solve_time_8)),1) #fitting the line
plt.plot(ns2,solve_time_8,marker=".",label="MINRES $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(solve_time_9)),1) #fitting the line
plt.plot(ns2,solve_time_9,marker=".",label="QMR $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(solve_time_10)),1) #fitting the line
plt.plot(ns2,solve_time_10,marker=".",label="GCROTMK $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(solve_time_11)),1) #fitting the line
plt.plot(ns2,solve_time_11,marker=".",label="TFMQR $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns1)),np.log(np.asarray(solve_time_1)),1) #fitting the line
plt.plot(ns1,solve_time_1,marker=".",c="k",label="SPSOLVE $O(n^{" +"{:.3f}".format(P)+"})$")
"""

plt.plot(ns2,np.asarray(ns2)*np.log(np.asarray(ns2))/(1.0*10**6),ls=":",c="k")
plt.legend()
plt.show()
plt.close()

plt.figure(figsize=(5,5),dpi=300)
plt.grid()

plt.loglog()
plt.ylabel(r"Time [$s$]")
plt.xlabel(r"n")

P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(build_time)),1) #fitting the line
plt.plot(ns2,build_time,marker=".",label="$O(n^{" +"{:.3f}".format(P)+"})$")
plt.legend()
plt.show()
plt.close()

plt.figure(figsize=(5,5),dpi=300)
plt.grid()

plt.loglog()
plt.ylabel(r"||Ax-b||$_2$")
plt.xlabel(r"n")

"""
P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(norm2)),1) #fitting the line
plt.plot(ns2,norm2,marker=".",label="BICG $O(n^{" +"{:.3f}".format(P)+"})$")
P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(norm3)),1) #fitting the line
plt.plot(ns2,norm3,marker=".",label="BICSTAB $O(n^{" +"{:.3f}".format(P)+"})$")
"""
P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(norm4)),1) #fitting the line
plt.plot(ns2,norm4,marker=".",label="CG $O(n^{" +"{:.3f}".format(P)+"})$")
"""
P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(norm5)),1) #fitting the line
plt.plot(ns2,norm5,marker=".",label="CGS $O(n^{" +"{:.3f}".format(P)+"})$")
"""
P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(norm6)),1) #fitting the line
plt.plot(ns2,norm6,marker=".",label="GMRES $O(n^{" +"{:.3f}".format(P)+"})$")
"""
P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(norm7)),1) #fitting the line
plt.plot(ns2,norm7,marker=".",label="LGMRES $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(norm8)),1) #fitting the line
plt.plot(ns2,norm8,marker=".",label="MINRES $O(n^{" +"{:.3f}".format(P)+"})$")
P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(norm9)),1) #fitting the line
plt.plot(ns2,norm9,marker=".",label="QMR $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(norm10)),1) #fitting the line
plt.plot(ns2,norm10,marker=".",label="GROTMK $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns2)),np.log(np.asarray(norm11)),1) #fitting the line
plt.plot(ns2,norm11,marker=".",label="TFQMR $O(n^{" +"{:.3f}".format(P)+"})$")

P,c= np.polyfit(np.log(np.asarray(ns1)),np.log(np.asarray(norm1)),1) #fitting the line
plt.plot(ns1,norm1,marker=".",c="k",label="SPSOLVE $O(n^{" +"{:.3f}".format(P)+"})$")
"""

plt.legend()
plt.show()
plt.close()
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