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Abstract

Magnus’ expansion approximates the solution of a linear, nonconstant-coefficient sys-
tem of ordinary differential equations (ODEs) as the exponential of an infinite series
of integrals of commutators of the matrix-valued coefficient function. It generalizes a
standard technique for solving first-order, scalar, linear ODEs. However, much about
the convergence of Magnus’ expansion and its efficient computation is not known.
In this thesis, we describe in detail the derivation of Magnus’ expansion. We review
Iserles’ ordering for efficient calculation. We explore the convergence of the expansion
and we apply known convergence estimates. Finally, we demonstrate the expansion on
several numerical examples, keeping track of convergence as it depends on parameters.
These examples demonstrate the failure of current convergence estimates to correctly

account for the degree of commutativity of the matrix-valued coefficient function.
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1 Introduction

In various engineering and physics applications, often a system of coupled ordinary
differential equations arises when attempting to model the physical system being
studied. Numerous techniques and methods have been used to find solutions, whether
they are analytic or numerical. Examples include finding an integrating factor to
create an exact differential; Runge-Kutta numerical methods for computing a solution;
and Picard iteration for an approximate analytical solution.

Recently, an alternative method for numerical computation based on an approxi-
mate analytical solution has been proposed [1], [I8]. This method’s inspiration dates
to the work done by Wilhelm Magnus in the 50’s.

Using this method, we examine the possibility for finding and approximating a

fundamental solution for a general linear differential equation
DY () + A@)Y () = 0, Y (o) = Yo (1.1)

where A(t) is a matrix-valued function, entry-wise continuous in the variable ¢, and
Y (t) is a matrix-valued function of ¢ with each entry continuous.

We are principally concerned with the analytical aspects of what’s known as Mag-
nus’ expansion. Much recent work has been concerned with the numerical aspects of
Magnus’ expansion. We diverge from the work of [I] who develop a time-stepping
numerical algorithm for solution to certain systems of ODEs. Instead, we address the
limits of "long-time’ use of Magnus’ expansion. While the numerical implementation
of Magnus’ expansion is quite powerful, the analytical foundations for implementing
the numerical algorithm are far from being well established. We will find analytical
approximations e to the solution of (Magnus’ expansion), for which we want

to answer four important questions. These questions are:

1. For what values of ¢ does €2,,(t) converge to Q(t) as m — oc?



2. If ©,,(t) converges, how close is Q,,(t) to Q(t) for a given m?
3. For what values of t is () = ®(¢t), the fundamental solution to (T.1])?

4. Exactly how close is (") to ®(t) for a given m?

This thesis provides approximate answers to these questions in several examples;
furthermore, this thesis develops the minimum theoretical framework necessary to
attack these questions.

Notation. For this paper, let M,, denote n X n matrices with complex entries.
We use the notation D, for %, as well as D} for jt—z.

natural numbers N, and A, B,Q, W, X, Y for elements of M,,. We use [A, B] as the
Lie commutator of A, B € M, defined by [A, B] = AB — BA.

We will use m,n,k,p,q for

1.1 Motivation: Systems Arising from Machining Applications

Suppose one wants to find an approximation to the system of delay-differential

equations (DDE’s), with [ fixed delays 7; > 0,

D (t)+ At)z(t)+>_ Bi(t)z(t—7;) =0 (1.2)

j=1
where z (t) € R™ and A, B; are continuous "n x n matrix functions” of time ¢ > 0.
Specifically, for systems of equations derived from models of machining processes, the
functions A and B; are periodic functions of time, due to the nature of machining
[21].

To solve this DDE, we first consider finding the fundamental solution to the ho-

mogeneous first order linear differential equation
Dix(t) +A(t)x(t)=0 (1.3)

If we find a fundamental solution @ (t) to (L3)) with ® (¢,) = I, then (L2) can be

solved by a ”variation-of-parameters” [§] method; yielding a solution

x(t) =P (t)x(ty) + / D)D" (s)Bj(s)x(s—1j)ds (1.4)

l
j=0 %o
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For the equations appearing in machining applications, the coefficients are periodic
functions A (t) and B; (t), with 7" such that A (t) = A(T +t¢) and B; (t) = B; (T +1)
for all j. From Floquet theory, in the ODE case (B; = 0 for all j) it can be shown
that the solution ® () is stable if at the end of the principal period T, ®(T) = A7,
then the real parts of the eigenvalues of A are all negative. Finding (), stability is
determined by the eigenvalues of Q(¢) having real part < 0, in contrast to stability
determined from the eigenvalues of e?(*) having magnitude < 1.

In order to determine stability for the general DDE case , the goal is to
compute a reasonably accurate approximation of ® (t). If we can find Q(¢), such
that ® (t) = e?®, in some neighborhood of t, then we can determine the stability of
the DDE by finding the eigenvalues of €)(¢), giving us stability for ®(¢) in (1.4). This

is the main motivation for finding a fundamental solution of the form e®®.

1.2 Geometric Integration

Traditional numerical analysis approaches a differential equation with the idea
that the derivative of a function is a local phenomenon. That is, for the differential

equation

Dif () = g (&, f(t), f(0)=fo (1.5)

we approximate

Dy f (t) = Dctz (f, h, fo)

with Dctz (f, h, fo) some discretization of D,f at fy using f and a step size of h in
t. Then, through a careful selection of step size and discretization, the solution is
(hopefully) accurate at some predefined level.

While traditional numerical analysis techniques succeed in producing small error
for each step, the approach of geometric integration suggests better approximations

for larger time scales. The approach of geometric integration to the differential equa-
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tion ([LH) is to identify some global property of f (), such as some constraint on the
problem like a conserved quantity (energy, momentum, etc...) or some other intrinsic
property. Then, using the global property as a guide, devise some numerical scheme
which minimizes the error while preserving this global property.

The geometric integration technique of Lie-group methods, of which Magnus’ ex-
pansion is one, takes advantage of the symmetries of (ILH]) [I8]. Let’s consider an
ODE which evolves on the unit circle (the Lie group S*). An example would be where
Dyr =0 and D;0 = f (t,0) with (r,0) the polar coordinates of S, for instance in the
concrete example of a pendulum. Notice that the differential equation is described
nicely in polar coordinates (only a simple scalar equation needs to be solved), while in
euclidean coordinates (x,y) we have a pair of nonlinear coupled differential equations
with an additional constraint. Consider the numerical scheme applied to the differen-
tial equations in euclidean coordinates. With a standard numerical scheme, we would
propagate errors in both the x and the y directions, not necessarily remaining within
the constraint that 22 + y? = 1.

But suppose instead that we had applied a numerical scheme to the differential
equation in polar coordinates. With this approach, any error of the solution would
only be in the 6 coordinate and there would be no error in the r coordinate, since
it’s change for any (realistic) scheme would remain 0. In this way, the solution to the
differential equation could satisfy the constraint of remaining on the unit circle. The
geometry of the numerical solution remains consistent with any analytical solution
for 6.

The significance of the Lie theory is that the symmetries of an ODE are usually
described by a Lie group, a manifold. No matter how nonlinear the manifold, its
tangent space (at the algebraic identity, the Lie algebra) is a linear vector space. For
Magnus’ expansion, the main idea is the analytic approximation of the solution to
a linear, first order ODE can be most easily done by first finding a solution to the

associated ODE in the tangent space, then analytically approximating the solution
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to the original ODE through the use of the exponential map (the map that takes the
Lie algebra to the Lie group).



2 General Theory of ODEs

A general system of ordinary differential equations is
DY () + £ (Y(£),t) = 0 (2.1)

where Y () € R" is a vector-valued function of ¢. In this thesis we deal primarily
with linear systems ([1.1)) and their fundamental solutions. The fundamental solution
has the properties: 1)®(¢) is an n x n matrix-valued function of time, 2)D,® (t) =

A(t)®(t) and 3)® (ty) = I, the n X n matrix identity, yet we are also concerned with

non-linear systems given by (12.1)).

2.1 Existence and Uniqueness of Solutions

First Order Linear Scalar ODEs

Consider the simple linear scalar homogeneous ordinary differential equation
Dyy(t) + a(t)y(t) = 0 with y(te) = co. (2.2)

The solution of (2.2)) on the interval [to,tf) is given by the function

y () = coe” Jro ()% (2.3)

This solution can be found by 1) the method of finding an integrating factor so that
(2.2) is reduced to the derivative of a constant (easily integrated), or by 2) moving
Dyy(t) to the other side of the equation, then integrating with respect to dt.

A single, first order linear scalar ODE is fairly simple and doesn’t account for the
differential equations that arise in most situations. Many other possibilities exist and
are encountered quite frequently; for instance, ny, order ODEs, coupled systems, etc...
Countless examples of second order scalar equations occur naturally in the application
of Newton’s laws of motion, and higher order coupled systems occur when studying

the Hamiltonian of a system.



Nth Order Linear Scalar ODEs

Consider now the nth order linear scalar homogeneous ordinary differential equa-
tion

Dpy(t) + p(t) D" Vy(t) + ... + b(£) Dyy(t) + a(t)y(t) = 0 (2.4)

with initial conditions
y(to) = co, y(to) = c1, ..., D" Vy(to) = ¢,y where ¢; €R (2.5)

In this case, the solution isn’t found as easily as the first order scalar equation ([2.2]).

Finding an integrating factor is, for nearly all cases, impossible to find analytically.

Proposition 1 FEquation is equivalent to a matrix formulation of equation
. The equivalence is if y(t) is a solution of [2.4), then the vector Y(t) =

T
<y(t),Dty(t), e Dt("_l)y(t)> of n-1 deriwvatives of y(t), is a solution of , where

0 0 0 1

0 0 1 0

. L . . (n-1) !
A= =5 5 | andY (k) = (y(to), Deylto), ., DI Vylto))

0 1 0 0

The question of existence of solutions for first and nth order linear ODEs is an-

swered through an application of the following theorem,

Theorem 2 (Linear Existence and Uniqueness) Let A(t) be a matriz-valued func-

tion of t, with each entry a continuous function on (t;,tf). There exists a unique

solution of the initial value problem (L.1)) on (t;,ts).

One proof of this theorem is by Picard iteration. See section 3.
We will be interested in a particular nonlinear ODE as well, namely Hausdorff’s
equation (4.2)) for Q(t). The right side of equation (4.2)) is reasonably well-behaved,

and the general existence and uniqueness theorem [5] could perhaps be applied to



Y is not in doubt

give short-time existence. However, the existence of ®(t) = e
as ®(t) solves the linear equation (3.1). The issue of existence and uniqueness is
unimportant relative to the construction of approximations to €2(t), and thus to ®(¢).

One construction, Magnus’ expansion, is the topic of this thesis.

Systems of ODEs

So, how does one find a solution for (2.4)); or, more generally, (1.1)7 If A(t) is
a constant matrix-valued function, e.g. A(t) = Ay Vt € (t;,ts), then we can find an

t
integrating factor u = e~ Jug A0 _ o=Ao(t=t0) guch that

UDY () + pAgY (t) = Dy (uY (1) = 0

=Y (t) = e " (e™loYy) (2.6)

is a solution to equation (|1.1)).

Now, if A(t) is not a constant matrix, we run into difficulties. At time t = #;,
A(t1)Y (t1) is in the tangent space of the curve Y (¢) at ¢; and at time ¢t = to,
A(ts) Y (t9) is in the tangent space of the curve Y (¢) at to. By being in the tangent
space, we can see that A (¢;) and A (¢2) contain some information about the 'direction’
the curve Y is evolving. So if we start at point Yy and follow along with the motion
of A(t1)Y (t1) , then follow the motion of A (t3) Y (t3) , we end up at, say, point Yis.
Suppose also that we start at point Yy and follow the motion of A (ty)Y (2) , then
follow the motion of A(¢;)Y (t;) a small distance, and we end up at point Ya;. If
Y1 # Yio, then the motion prescribed by A (t) doesn’t allow us to simply integrate
along A (t) and then exponentiate for a solution.

It turns out that the question regarding the exponentiation of the integral of A (¢)
as a solution of becomes "does A(£)A(C) = A(Q)A(E)?”



9

Definition 3 A square matriz valued fuction of time A (t) is commutative if and only

if A(§)A(C) = A(Q)A(E) for all (,&. Likewise, we refer to A(t) as noncommutative
if A(§A(C) # A(Q)A(E) for some &, C.

Proposition 4 If A(§)A(C) = A(Q)A(E) for all (,& € R, then
Y(t) = Y(ty)e oA ©O% (2.7)
with Y (tg) the vector of initial conditions solves .

Proof. The proof, based on Magnus’ expansion, is deferred until appendix [C| m

The following is an easy-to-prove sufficient condition for commutativity.

Lemma 5 A matriz function of time A (t) € R™*" is commutative iff all eigenvectors

of A(t) are constant, independent of t.

Proof. <) Suppose all eigenvectors of A (t), an n x n matrix function of ¢, are
constant, independent of t. Let v € R™ and let \; (), e’ be the m < n eigenvalues

and normalized eigenvectors respectively, of A (¢). Then we have

A@AWY = A@)Y e )¢

= ZCJ)\J‘ () A (y) €

= AW A (z)e

J=1

= A(y)A(x)v

=) Suppose A(x)A(y) = A(y)A(x). Take e, # 0 such that A(x)e, = A\,e,.

Now,
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which means that A(y)e, is a scalar multiple of a nonzero eigenvector of A(x). In
particular, A(y)e, = c1(x,y)e,, for e, a nonzero eigenvector of A(z) and ¢i(x,y) a

scalar function of z and y. By the same process,

A(y>e:v = (CL’, y)efp

Aly)e, = ez, y)el

Aer ™ = culz,y)ey

So, there is a k < m such that A*(y)e, = ci(z,y)ca(x,y) - ez, y)er, = c(z,y)e,.

This means that e, is an eigenvector of A*(y)

e, = s(x)e,

where e, is some eigenvector of A*(y). But the left side of ?;) = ¢, is dependent only

s

on z and the right side is dependent only on ¥, so that S?j;) and e, must be constant,
independent of the variables z, y. Thus, the eigenvectors of A must be constant. m
What if A(¢) is noncommutative? Do we have hope for constructing a solution?

One method of solution is Picard iteration as discussed in section 3.
2.2 Fundamental Solutions

By the general existence and uniqueness theorem 2, we know that there exists a

unique Y (¢) which solves equation (1.1)).

Definition 6 A spanning set of solution vectors on (t;,t;) C R to the linear homo-
geneous differential equation is called a fundamental set if the solution vectors
are linearly independent for all t € (t;,t).

Definition 7 A matriz-valued function ® : (t;,ty) — R™™ is a fundamental solution

if the columns of ®(t) form a fundamental set.
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That is, if {qu(t)}::l forms a fundamental set, then we can create a fundamen-
tal solution ®(t) on (¢;,t;) associated with the differential equation by taking
column p of ®(t) to be ¢,(t).

The importance of finding a fundamental solution is that every solution to
can be written as a linear combination of the columns of ®(¢). In particular, the

solution to (|1.1)) with initial condition Yj is
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3 Classical Methods for Approximating a Fundamental
Solution

Much of numerical analysis focuses on approximating the solution to a given
differential equation. Methods include Euler’s method, Taylor series methods, and
predictor-corrector methods as well as Picard iteration. It is often necessary to ap-
proximate the fundamental solution using a numerical method, since a closed form
analytic solution may not always be possible to find. We restrict our attention here

to the linear case

D,®(t) + A()D(t) = 0 B(ty) = I (3.1)

We will suppose A (t) is bounded and integrable.
In the following, we discuss Picard iteration of ODEs. Note that finite Picard
iteration is used later in this thesis to provide an approximation for a given differential

equation.

3.1 Picard Iteration

Picard iteration is the integral analogue of Taylor expansion.
Consider equation (3.1)). If we integrate D;®(n) with respect to n from ¢ to to,

using the fundamental theorem of calculus we get

o(0) - o) - [ D)y = [ Ay

t
to
This gives us an integral formulation for the ODE ({3.1)):

vy =1+ A () (32)

Assuming that A (t) is integrable, we can start an iterative scheme with the (relatively



13

poor) approximation that ®y(¢) = I so that

Continuing on we get

B,(t) = I+ / A1)y () (3.3)

to

t t Np—1
= [+/ A(np—l)dnp—l_'_/ A(np_l)/ A(np—2)d77p—2d77p—l+

to to to

t Np—1 Ul
..+/ A(??p_1)/ A(%—Q)m/ A(no)dnodm--.dnp_l-

to to to
This sequence of iterations of ®,(¢) converges to the fundamental solution ®(¢).
Let ||A(t)|| = @ and estimate

t Mp—1 m
/t A(n,) / A(ny,_y)-.. / A(ng)dnodn,...dn,_dn,

to

18,(6) — @y (1)] = \

0 to
t 7]p_1 1
< [l [ w0l [ 1A dagd .,
to to to
t oy N2 M t—1tog)?
— zip// / / ldnodm...dnp_ldnp:'d”( '0)
to J1o to to p:

(t—to)"
rl

So that

10, () — ®(t)]| < > @ — 0 (3.4)

provided a(t — ty) < oo, as p, k—oo. That is, {®, (£)} is Cauchy in the ||-|| norm, so
® (t) = lim &, (¢) and also
p—00

(t—to)"
r!

1o(t) — @x()] < Y@ (3:5)

We see that () — ®(t) pointwise and in norm. Actually, we have uniform conver-
gence for ¢ in any fixed neighborhood of .
The general existence and uniqueness theorems can be proven using Picard itera-

tion as a constructive method. See [5]



In the case of A(t) a constant matrix, i.e. A(t) = A, Picard iteration gives us

Bi(t) = I+ / Aoy (n)dn = I+ At - to)

to

t A2 (t —t)°
Dy(t) = I+/A(I+A(n—t0))dn:I+A(t—t0)+T
to
A2 (t —t)? AP (t—t0) = AR (t—1)F
(pp(t) = [—i—A(t—to)—FT—i—...—{-T:kZ:OT

which in the limit as p — oo we get ®(¢) = eA(~%) the correct solution.

14
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4 Hausdorff’s equation

. . . — J, a(e)de
Motivated by the scalar case (2.2)) with fundamental solution ¢ (t) = e ,

we seek to find an €2 (¢), such that the fundamental solution to (3.1)) is ® (¢) = e®).
We follow the footsteps of Hausdorff, finding an expression for €2 (¢) in terms of A (¢)

from (3.1]) .
4.1 Derivation of Hausdorff’s equation for D;® = Ad.

Consider equation (3.1)) and assume ® (t) = e?®) for Q (t) € M,,. Note Q (o) = 0.
From now on we suppress the "¢”7: Q = Q (¢), etc...
Since ®(ty) = I and ® is continuous, ® is invertible in a neighborhood of ¢ = ¢,

and ®~! = ¢~ (B.1)) is algebraically equivalent to the equation
(De?) e ? = A (4.1a)
Since ¢ = Y 2% and D, (Q™) = > Q71 (D,Q) Q™7, ([{Ia) becomes
q=1
A = (D,geQ e
- (2P (2
(n:l ) <m=0 >

Zn Y Q"7 (DyQ) Q‘11> (i )"0 m)

m=0

2
— i T;)( {Q1 (D) Qm+"q}>

n=1 g=1
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Switching the order of the m and q sums and letting m 4+ n = k, we have

n=1 k=n gq=1

A:

n=1 k=n ¢=1

e oy )
(_1)25_1)71 {Q7 1 (D) QF7}
(-1)" <_k1|) {1 (D) 7}

We want to switch the order of summation between k and n in order to reduce to a

simpler expression for A. The easiest way to see this is to draw a picture:

k n==k

sl 14 i I

T ) )

61 ° °

[T

41 o o

] ]

21

—t n
2 4 6 8

change
order
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k n==k
8. oo o o o o

+ e—eo—9o—9o 0o
6L oo oo
41
21

— n
2 4 6 8

Note that originally, k € {n, ...,
k},and k € {1,...,

ne{l,...,

DM [

k=1 n=1 ¢

oo}, and n € {1,...,00}. In the second picture,

oo} and we still cover all the same lattice points. So,
1 Ok
) {Qr 1 (D) Q1)
n

Next we want to also swap summation over indices ¢ and n. Using the same idea,

but for finite sets of indices, we change the order of summation from ¢ € {1, ...

7n}7

nel{l,....k}toge{l,...,k},ne€{q, ..., k}, so that the expression for A becomes
9] k k k
A= 1" QI (D) QF9 4.1b
> 5 {ZZ<< " () (e o) })} (410)
q | a q—1
Lemma 8 Let p,q € N. Then > (—1) =(-1)"
r=p T p—1

Proof. See [25]. =

Note that [Q7! (D,Q) Q¥ does not depend on n, and (4.1 becomes

8

k!

E’f:(_ k—1

g=1

{Qr 1 (D) Q1)
q—1



by the lemma. Upon re-indexing both sums,

o) _1 k k .
L (se

k=0

Definition 9 Fiz X € M,. The map adx

XY —YX = [X,Y]for Y € M,.
adi N (V) —adi P (Y) - X =

Lemma 10 VX,Y e M,, ,Vpe N,

p
adb (V) =

q=0

Proof. By induction. First, ad% (V)

—1
suppose ady
q=0

ad (V) =

( g ) [ (D) qu}>
q

=Y, adk (Y) =
() = pE (=1)*(*,") {X?~179Y X} holds. Then,

18

(4.2)

: M, — M, is defined by adx (V) =

This is extended recursively: ads (Y) = X -
X, adb ! (Y)], forY € M,, and ad% (Y) =Y.

(—1)? (Z) {xr1y x9)

—[Y, X] = [X,Y]. Second,

(—1) { (pl (—1) (p; 1) {Xp‘l‘qYX‘I}> X - X- <pz_§(—1)q (p; 1) {xP-1-ay x9)

= (p_l(—l)q (p; 1) {quYXq}> - (pi(—l)" (p; 1) {XpquXq+1}>

et o

( - ){Xp qqu})

D {xp-qqu}) (1)

q=1

)+ (&
)

= XpY+<p_l(1)q{< > <q_1) {x7- qYXq) (-1)P Y X?

= > (-1 <§> {xP-1y X}

Note that ad is linear: ady (oY + 2Z) =

aady (V) + Bady (X).

(—1)? (Z) {XWYX‘I}) +(-1)PYXP

S (1P (7) {XP (Y + B2) X7} —

q=0
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Notice that since adl (B) = —adk (A),

p

() = 31 (1) vy

q=0

(~1)” Z (1) (5) {xrry X7}
<—1>p§; 1 (1) vy

Our expression for A from (4.2)) is then

A Z(adgﬁ ) (4.3)

Lemma 11 Let X € M,, , such that | X|| = M < oco. Then ad¥ : M, — M, is a
ads]| < 212"

Proof. Let W € M, such that |W| =1, and «, 5 € C.
k k

Joak | = |5 (-1 &) {xawxel] < 5 ) [ awxey)
=0 q=0

< Z () X5 X = z () I = ]2 m

If we regard the right side of (4.3) as a linear operator on D,{), we get the expres-

sion . Z < kajkl ) (D) (4.4)

What we would like to do is solve this linear equation for D).  This will require

the functional calculus [12].

4.2 Solving the linear operator equation for D,(.

[e.9]
The power series 2:0 (nzTnl)' is analytic and entire in the complex plane. Note
n—

nzo(n—l—l)!_znzo(n—i-l)! z n' _z
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Lemma 12 Let Oq : M,, — M, be the operator given by
k=

Then, Oq is a bounded linear operator and ||Oq|| < “—=—

M 1

if M = 2|2

Proof. Linearity is obvious. From lemma ((11)) we have

|adh|| < QHQH)’“ M*. In fact, if W € M, and |W|| = 1, then ||@q (W)| =
X\ adk (W) adf, (W) XMk ML

R e i

From the functlonal calculus of finite dimensional operators [12], we have

Definition 13 The spectrum o of a linear operator T in a finite dimensional space
Z is the set of complex numbers pu such that T — ul is not a bijection. Note that T,
an operator on Z, is not a bijection if and only if there exists v € Z such that Lv = 0.

Thus the spectrum o (T') of T is exactly the eigenvalues of T.

Definition 14 We denote by § (T') the class of functions which are complex analytic
on some neighborhood B of o (T). If f € F(T') then we define f (T) as

1
27m

F(T) = f( ) (v = T) " dy (4.5)

where A C B such that A is an open set of C with finitely many connected components
that contain the spectrum of T, i.e. o (T') C A, and the boundary of A, 0A C B is a

closed Jordan curve.

For each p € o (T), and for all g € §(T'), expand g as a power series so that

[e's) D(n
Z (T — pI)" (4.6)
n=0

where g (T) is defined by (4.5)). In this manner, all functions of an operator 7', analytic

on a neighborhood of ¢ (T), are given as power series of T.

Theorem 15 Let f,g € F(T). Then (f-g)(T) = f(T)-9(T).
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Proof. [11]. m
From (4.4) and (4.3]), and if

-3 5

k:O

—1+¢),
the expression for A becomes
adk
A= Z DY) = Oq (D,Q) = £ (adg) (DiR2) (4.7)
If f,g € §(T) such that g(z)- f(2) =1Vze€ o (T) CC, then

T=1(T)=(g-/)(T)=g(T)-f(T)

Recall equation (4.4). Provided we can find an analytic function g such that
g(2)- f(2) =1, we can apply ¢ (adé) to (£4) in order to isolate D,£2. We want the

function g to satisfy

g@(éerﬂﬂ)zma(Zh?§m)=l (45)

0 k
z
=2 By
k=0
where By are the Bernoulli numbers [2].

Neglecting convergence temporarily, let ©" : M,, — M,, be the operator given by
ZB’“ ad = g (adq)
In equation (7)) for A, apply ©4' to both sides. This gives us the expression
05" (A) = 05" (0 (DiQ2)) = D2
This leads us to

ad’;2 (A)
k!

D) =64 (A) = i By, (4.9)
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where we have isolated the expression for D), and (4£.9) is known as Hausdorff’s
equation [1J.

But, what are the conditions necessary for the given series O to be convergent?
According to Definition [14, we must have g analytic on some neighborhood that

contains o (adg). With g (z) = =*5, we can see that there are poles for e* — 1 = 0,

or z = 2mni, n € Z. But notice that there is a removable singularity for z = 0,

since g (2) = = = 1+z+1£+ , which is analytic at z = 0. So g (z) is analytic in the
E e,

complex plane except for the points z = 2mni, n € Z— {0}. Provided {QWni}nEZ—{O} N

o (adg) = ¢, then @51 exists, is convergent, and is the inverse of Oq. See appendix
[D] for a discussion regarding the relationship between the spectrum of Q and the

spectrum of adg,.
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5 Magnus’ Expansion

In the late 1940’s, while reviewing some algebraic problems concerning linear
operators in quantum mechanics, Wilhelm Magnus considered Hausdorff’s equation
(49) and approximated a solution through the use of Picard iteration. He was able

to show that the solution to Hausdorfl’s equation (4.9)) is given by the series

o) = [ acpac, -3 [ [ acpac, )] ac

[ s ac)] de ac) a

+% Ot [/OC A(C2)dCy, [/OC A(CQ)dQQ,A(Ql)H ¢, + ...

“if certain unspecified conditions of conver-

in some neighborhood of ¢t = t; only
gence are satisfied.” [20] Later, in the same paper, Magnus gives the condition that
a solution to Dy®(t) = A(t)®(t), ®(ty) = Iof the form ®(t) = %® exists in a

Ofto) « if and only if none of the differences between any two of the

neighborhood of e
eigenvalues of  (f) equals 2wni, where n € Z— {0}.”[20]. See appendix (D]
Following much work on attempting to find analytic expressions for € (¢), notably
by [21], [28], and [13], in the late 1990’s Arieh Iserles 'rediscovered’ Magnus’ expan-
sion in his study of geometric integration. Specifically, Iserles [I], found the first few
terms of Magnus’ expansion useful for a numerical approximation method that cap-

italized on the symmetries preserved under the exponential map. We follow Iserles’

in exploring Magnus’ expansion.
5.1 Iserles’ Ordering of Magnus’ Expansion

Consider equation (£9]) , Hausdorff’s equation, a nonlinear differential equation of

the form (2.1)) derived from (3.1)).

DQ(t) => —tady (A)  Q0)=0 (5.1)
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Let us suppose that following infinitely many Picard iterations, we can write the

solution to (/5.1 in the form
(Z or [ ) (5:2)
= TETk

where k is the index for the indexing set T; to be defined later, and H, is a matrix
function of time indexed by 7€T}.

Differentiating this expression with respect to time and using (/5.1)), we find that

DO = Z(Z@T ) :Zi, ad? (A) (5.3)

TETE m=0

0 Bm
= E — ad’? (A)
m!
m=0 {kz—:() (Tgkaf fHT>}

= A+ Z—adm (A)
BAeX)

Now,

acf{n§ (ZMH” (A) = (5.4)

k=0

=2 (TGZTICOCT / ) adf{nk 10 (TgkanHT>}(A)

= aT /Hf,adm ! (A)
con)

=0 TET k A reTk
= i i Z Z Q1 ...Opm {/HT , {, |:/H7—m7A:| H
ki=1  km=1 \rl€Ty, 7m€Ty,

We find, after inserting the expression from ([5.4) into (5.3)), that for 7 € Ty,

H,=R(H:,Hp,...,Hm) and o =1 (a1, 02, .y Qm) (5.5)



25

where R : M]" — M, is multilinear, r : R™— R, and H,» is indexed by elements
e T, for j <kandne {1,2,...m}.

For example, let n=2. We have

d aH =) ane U H;a, A} (5.6)

TET2 Te€Ty
Ay g ol
T70€Ty T°€To
From this we can see that building the H,’s as n-integrals of commutators depends on
the ways of combining k-integrals of commutators with p-integrals of commutators,
such that k£ +p = n.
Note that for £ = 0 we end up with

Z aH, = A

7€TH

This gives us a starting point for defining the successive terms H, for £ € N. Next
is k = 1, for which there is only one possible way to combine an integral of A with

A, giving

for Te Ty, H,e {A} (5.7)

for 7€ Ty, HTE{[/A,AH
por et {[fa [ [aa)]L [ [ 4.4] 4]} s onin 6.

5.2 Tree and Forest Construction.

Following Iserles [I], we use the representation

v [P

s /P,.P\/.
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for integration and commutation respectively. Let A from (5.7) be represented by
e, that is, each vertex at the end of a branch, a leaf, represents A. We build the
indexing set Ty, by constructing the representatives 7 € Ty using these elements. The

first three index sets corresponding to (5.7)) are given by

Ty = { ® } (Forests)

(

T, =

L
{15,

Each tree 7 € T}, can be written in the form

Tn

' (5.8)

where each 7 on a branch is a tree from the previous index sets. All trees begin with

J,\/ (5.9)

corresponding to [ [ H,,ady ™' (4)] . See (5.4). By induction, all trees (elements) in
each forest (indexing set), that is, each 7 € Ty, k € N, can be written with (5.9),
in the form of (5.8). The tree from (5.8)) directly corresponds to the function

Hy = [ Hye, [ Hyo oo [ Hyeo A] 2]

a foundation of

5.3 Algorithm for constructing T, for £ € N.

1. Find the set Ty by Picard iteration on ((5.1).

()
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2. Take the foundation (5.9). Our possibilities for Ty are

Tp Tn
l\/“ J\/Tp (5.10)

for 7, € Ty, 7, € T). So we recursively build Tj by collecting all trees created

from T, and T, such that n + p = k exactly like in ([5.10)).

5.4 Coefficient Construction Indexed by Each 7 € T,.

The coefficients «a, are also recursive functions of previous «,i, that is, a, =

7 (@1, 2, ..., am ). From (5.3)),

B,
p
Qr = | | | Qi
p: paie}

We can also see this relation at the level of the trees. Given a tree 7 € Ty, in

order to find «,, we look at the tree

2] A
7_1

Since integration is linear, and commutation is bilinear, reading from the top down

(5.11)

we can see that the coefficients build up as (1 - a,») after the commutation of [ H.»
with A, then (1 - a;» - azp-1) following commutation of [ Hpp-1 with [[ Hp, A], ...,
and finally (1 a»  @p-1 + ... - 2 - 1), The coefficient % appears in (5.3)), from H,
which contains exactly p commutations of previous trees. It is valuable to point out

that Bgjy1 = 0 for [ € N; many coefficients a,; end up zero.

5.5 Determination of order for the terms H..

Knowledge of the structure of the elements 7 in the indexing set helps us determine

the order in time for each H, that appear in Iserles Magnus expansion [I8].
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Definition 16 Let {Y, (t)}peN be a sequence of matriz functions of time such that
Y, (t) = Y (t) for allt in an interval around 0. We say that the approximation Y, (t)

to Y (t) is of order g in time z'f”y(tzqff{p(t)nﬁcfor()<c<oo ast — 0T,

For expressions f(t) continuous in t which satisfy liq@ = ¢ where 0 < ¢ < 00,
t—0

we use O(t9) to represent f(t).

In expression (5.2)), k& indexes the number of integrals. But remember that for
T € Ty, H, appears in (5.1]), the expression for D,{2. This means that for 7 € Ty, H,
is a k-integral.

We have the following
Lemma 17 Fort € Ty, H, = A is at least an order 0 in time approzimation to D:S2.

Proof. From (4.9)), the first two terms of the Maclaurin series expansion for {2

Q) = Q0)+ DQ0)(t —0) + Ot
> adfg (A0)) )
= 0+ (ZB’“()T> (t) + O(t?)

k=0

= A0)t+ Ot

This gives us that
D82 — A(0)]| = O(t)

Since A is continuous, A = A(0) + O(t).

Now, hm+M = 1in}rw - 1jm+w + @ = 111%@7 which if
t—0 t—0 t—0 t—0

lim+ @ # 0, then A is an order 0 in time approximation to €2, else if hnﬁ @ =0,

t—0 t—0

then A is a greater order in time approximation to 2. =

It can be shown that if 7% € T}, and 77 € T;, then H, = U HTk,HTj} is at least
of order k£ + j + 1 in time. But we can do better.

An important contribution that Iserles [4] has made to Magnus’ expansion is the

recognition of order in time for each term H,. Specifically, we can reorganize the
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indexing sets T} arranged according to k£ number of integrals, into indexing sets [y,

(forests) arranged according to minimum order k in time.

Definition 18 The indexing set (or forest) F, C \JT, contains all T such that

p=0
DQ— Y apHy
<T/€ GOTP{T}>
lim - =c for 0 < c < o0.
t—0t tk

Essentially this definition means that 7 € F iff H, contributes an expression to the
approximation of D;{) which is O(t*).
We find the sets Fy by letting Fy = { ° }, then finding Fy for £ > 1 through

application of the following theorem.

Theorem 19 T, C Fy. Furthermore, in a neighborhood of t = 0, for 7 € Fy, H, =
hotF+O(t" 1) where h, is a fived matriz. If 7° € Fyi, 77 € Fyy, then Hy = | [ H., Hoi]
is of order k' + k7 +1 in time except when 7' = 77; then H; = [ [ H.i, H.;] is of order
k' + k7 + 2 in time.

Proof. For 7 € Ty,

H, = /A,A]

- [ a0+ [ 0@ a0+ 00)

O
= [[ a0 0] +[ [ a0 .00] + [ [ 0@ .a0) + [ [ 0@ .00

= [A(0)t ,0)] + [O(t*) , A(0)] + O(t*)

So, lim HIZ’—JH =0, and
i WA IIAQ0)E O] + [O(#) , A(O)] + O(F)|
t—ot ¢ t—0t
= Tim [[[40) 0] + [0() , A©)] + O

=0
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Following the same line, tl_i)roqr HI;I—{H = ¢, where 0 < ¢ < oco. Which means that for
T €Ty, H, = O(t*). So, T € .

Suppose, for 7 € F,,n € {1,2,....,p—1} H,; = h,t"+O(t"*1). Then for 7 € F,,,
H, = U H_i, HT]}, where 70 € Fii, 77 € Fi; k', k7 < p— 1. By the multilinearity of

the Lie commutator,

o, = /HH]

- / (hﬂ-tki + O(t’“l)) ht? 4 O(t’“j“)}

tki+1

= |h.i—
TE+1

L0 <tki+2) Chat" 40 <tkj+1)]

I tkiJrl ;
= |hi—, thtk
141

L0 (tkj +ki+2>

R R+

= hyi, Iy
[T? T]Z+1

L0 (tkj +ki+2>

Letting m = ki—l—k}j—}—l, HT — [hTi, th] tkﬂ;iﬂ 40 (tkﬂ'+ki+2> — hTtm—l-O (tkﬂ'+ki+2)7

soT e,

Now if 7/ = 77, then [h., h.] = 0, giving us H, of order k' + k/ + 2 in time. m



31

5.6 Table of trees (up to T,), the containing forest(s), and coefficients.

Tree T H, Forest oy
g A TQ; IFQ % =1

i A4 Ty; F, B _1

A [ A4 T,; Fs B_1
i [ Aa] A TaFs BB =g
i [ [ ac4] 4] 4] ToFe 5558 =1
gealilaalal] e =

t t t
oA A S a4l Ty F,  DrBiBiB g

o [l asa] [ 4.4)) Ty, BBi—

ALl [ aa] Al 4] Tor SEs -

L
b
’
¥
b
§j lealpadla R Z5--4
e
.

[ [ [aa] a] a] 4] TR BaRR -

i/ Gl A faalafa] o mem ahg =g



Tree T

%ﬁi

i
%
?5
¢
W

H,
o L [ 4L 44 4]
i LR AL e aa] 4] 4
o [ L [ 44 4]

o [0 [f A s 4 4]]] 4]

o [ AL LA Al

Forest

Ty; Fs

Ty Fs

Ty; Fs

Ty Fs

Ty Fs

Ty; Fe

Ty; Fe

Ty; Fg

Ty4; Fe

Ty4; Fe

Ty4; Fe

32

a,
ByBy _ 1
21 21 T 144
B B By _ 1
11 1! 21 7 48
By By _

31 0
BLBy _

1! 31 0
By _ _ 1
T 720
B B By _ 1
1 1! 2! 7 48
By By _
31 0
ByB B _ 1
21 1! 11 7 48
ByB B _ 1
21 1! 11 7 48
B3 B __

3 =0
ByBy _ 1
21 21 T 144

(Recall that the functions H, appear in the expression for D, in (5.3)).)
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5.7 The algorithm

Collecting terms from the forests Ty, into forests I, according to pth order in time
as specified by Theorem [19|shown in Table 2, and ignoring those with coefficient zero,
it turns out that we have a computationally efficient expression for the index sets of

D in (5.3)). Specifically these index sets are given by

Fo = { ° } (Table 3)

L,
|
i \

So equation ((5.3)) becomes instead

DtQ:Z

00
k=0

IFy

(Z @THT> (5.12)

T€Fy,

where £ indexes the forest of trees according to order in time and H.. are the functions
indexed by 7. Now in order to solve Hausdorff’s equation , all we need to do is
integrate the expression . This gives us

0= Y (ZaT/HT> (5.13)
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as the solution. For an approximation of order in time ¢™*!, we can truncate the

solution at m to give us

Q= ;ZO (ZF ozT/HT> . (5.14)

In order to build an order m in time approximation €2,,,

1. Build the forests T}, up to the desired order in time (which is a little more than

necessary, but sufficient).
P

B

p_f H Qi
i=1

2. Construct the coefficients o, according to a, =
3. Determine the order in time for the terms H..
4. Collect the terms into the new indexing forests Fy.

5. Write down the expression for €2,,, taking advantage of the recursive nature of

each H,.
This provides us with a means to compute Magnus’ expansion to the desired order.

5.8 Summary

What Iserles has done is to take the work of Wilhelm Magnus and extend it to a
form amenable to computation. Given a differential equation of the form (3.1]) , with
fundamental solution e = ®, the expression for Magnus’ expansion, using Iserles

reordering is (5.13)).

We now address the questions which naturally arise:
1. For what values of ¢ does €2,,(t) converge to (t) as m — oo?
2. If Q,, converges, how close is €2, to €2 for a given m?
3. For what values of ¢ is ) = ®(¢)?

4. Exactly how close is e¥m to ® for a given m?
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6 Estimates for Convergence of Magnus’ Expansion

Given an arbitrary power series of a real variable, the first question that should
come to mind is: for what values of the real variable does the power series converge?
For Magnus’ expansion, this is a difficult question. The first result regarding the
convergence of Magnus’ expansion is little more than an exercise in brute force norm
estimates for absolute convergence. The second convergence estimate relies on a more

subtle rewriting of Magnus’ expansion using step functions.

The Brute - Force Approach.

We start with Hausdorfl’s equation, (4.9), and the expansion of the solution is

given as

Q= i T, (6.1)

where I'j, is the sum of elements from the set T}.

Substituting (6.1)) into (4.9), much the same as in the previous chapter, we get

o (Sr) =S et

m=0 k=0

Collecting terms on the right according to the number of commutators (or equiv-
alently, the number of integrals) and integrating, we find that Magnus’ expansion

accepts the form

where
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n—j
SO = 3 ady, (SU0) for2<j<n—1 (6.3)
m=1

n

SO = adp,, (4) SOV = ady; (4)

Insert (6.2]) into (6.3)) . This gives us the expressions

n—j

s9w - | /0 A de, 5 <t>}+Z

[ (n—2 B t ()
s = $X 2 [ s .a
5= J: Jo

After substituting these expressions for the S;’s into (6.2), then substituting (6.2))
into (6.1), and taking the norm of (6.1)), [23] states the convergence of Magnus’

B [ 1
“k S(k) d S(J )
{Z o s f}, ¢ <t>]

(n=1) _  gn—1
Sn ad{fé A(&)de} (4)

expansion as:

a numerical application of the D’ Alembert criterion of convergence [ratio test]

directly leads (up to numerical precision) to

F(t) = /Ot 1A (€[] d¢ < 1.086869 (6.4)

The Step Function Approach.

A second approach by PC Moan and JA Oteo [22] is an effort to expand the

radius of convergence beyond the previous estimate. This time, they use the solution

to (4.2) in the form

Q(t):ifn(t):i/ot.../otl}n(tn,...,tl)A(tn)...A(tl)dtn...dtl

where
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@n'n—l—Qn' n—1—0,)!
Ly (tn, ... 1) = ( -~ )(—1)< 1-64)

with ©,, = 0,,_1,—2 + ... + 02, and 0, = 1 if t, > ¢, and 0 otherwise.

By using this expression, they are able to bypass the commutator structure of
Magnus’ expansion. Yet, the commutator structure can be recovered if desired, but
will be avoided here.

The Lo,-norm is applied to the I',,, giving

ITa ()], < (14]1) / /|L b )| b

They observe that L, is constant on all sections of the n — cube [0,¢]" corresponding
to constant ©,, = k. So a calculation of the fraction of the volume of [0, 1]" for a given

k (V) gives us the bound

T ()]l < (¢ ||A|!oo)”n2_:v:k! (n—1-k)!

n!
k=0

k k! (n—1—Fk)!
V TL

A bound on the expression for Z is derived and is

k=0

so that a full bound on the convergence of 2 (t) is

o

12Ol <Y - IIADI) 27"

n=1

And D’Alembert’s criteria requires that
t |4l <2 (6.5)

Neither (6.4) nor is (strictly) stronger. In fact, a couple of examples will

demonstrate the incomparability of the two.
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0 1

f@) 0
Consider f(t) = cos?*(b-t) so that ||A(t)|| ~ |cos(b-t)|. Notice that (6.5)) gives us

Example 20 Let A(t) =

a radius of convergence of t ~ 2; yet (6.4]) gives us a radius of convergence of t ~ b.
e+1)? 1 <t<t e+1 1 <t<t
Consider f(t) = ( ) ' ® so0 that |A®)|| ~ ' ?

€ , otherwise € , otherwise

Notice that (6.5)) gives us a radius of convergence of t ~ tq; yet (6.4) gives us a radius

1
of convergence of t ~ <.

Notice that neither (6.4)) nor (6.5) consider whether A is commutative, in which
Magnus’ expansion would yield an exact solution for all time. We can see that both

estimates (6.4)) and (6.5]) for the radius of convergence are unsatisfactory.
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7 Examples

In an effort to provide motivation for studying questions of convergence, as well
as to display the nice properties of the Magnus’ expansion approach, a few numerical
implementations are provided. These examples provide us with some evidence for

what convergence results might be possible.

7.1 The Mathieu Example

Let’s consider for a first numerical exampld] the ODE system known as the Math-
ieu equation. The Mathieu equation arises as a model of a cyclic stiffness in a spring-
mass system. In unitless form, it is the second order differential equation of period

27 with the initial conditions
DPy () + (a+beos (1) y (1) =0, y(0) = yo, Dy (0) =

This equation can be written as the first order system

0 1
D@ (t) + O(t)=0, ¢(0)=1 (7.1)
a+beos(t) 0
For example, Iserles’ order 4 in time version of Magnus’ expansion (5.14]) is
0

¢ 1
- | 6, +
0 \ —a—bcos(&§) O

1 [t & -1 0
—5/0/0 b (cos (&) — cos (&;)) - d€,d&, +

1 t 131 &1 0 1
— b — d€.dEsd
5[ st st P

1 [t & [ée 0 1
[ st - costen) ey o | et

I'The computer code in Mathematica® used for these examples is given in the appendix .
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For the numerical computations below, we have used the order 6 and order 8 Magnus’
expansion as indicated.

Taking advantage of Mathematica’s built-in Mathieu functions, we can create an
exact fundamental solution which we compare Magnus’ solution to. These built-in
Mathieu functions are well understood. [2].

Using this, we have a solution to compare to the Magnus solution. For this

comparison, we have two alternatives:

1. entrywise examination of the matrices, or

2. an operator norm examination.

Our choice is to use the Frobenius norm
|A|lp = /Trace(A - AT).

From the order 8 approximation, the relative error || (GQS(t) — <I>) . <I>’1H p can be
found by computing the solution ¥ to the adjoint equation, also a Mathieu equation,

and computing

(e = 0) - 71, = o0 - 97 1],

Using this relative error with the order 8 in time Magnus’ expansion and the ad-
joint solution found using built-in Mathieu functions, the relative error as an analytic
function of time dependent on the parameters a and b was found. Setting b to the
value b = .1, we produce in the picture below, a contour plot of the logarithm of
the relative error. The lighter line in the shape of a bell curve is an estimate of the

convergence for  (t) as given by (6.4)).
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Mathieu eqn b=.1 Log(Relative errorl)

variable 't'
9]

)

-1t

l | *
O L

-10 =3 0 5 10
parameter 'a’

The black region corresponds to the error on the order of e ' ~ 1077 which

increases to the white region with an error of order 1.
Example 21 A reasonable case to consider is where the ODE is commutative. Math-
ieu’s equation (7.1) is an example when there is no driving force, that is, when b =0 :

D@ () + Ot)=0 ©(0)=1

Magnus’ expansion is

t 1
Q(f) = /0 e
—Q

exactly, for all orders in time. So, provided our parameter dependent fundamental
solution is correct, we expect the fundamental solution found from exponentiating

Magnus’ expansion should be

/t 0 1
dg sin(\/ﬁt)
_ t
sy "\ ) _ [ coslval va

—vasin (y/at)  cos (y/at)
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The contour plot of our relative error produced this picture:

Mathieu eqn b=0 Log (Relatre errorl )

variable't'

paraneter 'a’

There are two features of this plot that we should note. First, the black region
for convergence extends well beyond the analytic estimate for the radius of conver-
gence. And second, we have a large discrepancy between the built-in solution and
the Magnus’ approximation where a is negative for large t. The fact that we have
convergence beyond the analytic estimate is expected, as suggested in section @
As for the discrepancy in the solution, we neglected the fact that for negative a, the
solution ® has the appearance

sinh(1/|alt
B(1) = cosh( |a|t> —%
v/Ja] sinh ( |a\t> cosh ( |a|t)

. . ) . cosh( \a|t) 1oy/lalt
What this means is that when t is fairly large, — ~ 2 = 1, so that
s1nh( \a|t) §emt

for a < 0,

1 1 _\/1@ 1 —+/|al

B(t) ~ =eVlalt and ®7(t) ~ 2 Vet )
Ve[ 1 NG 1
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Noticing this, we can see that ||®(t)], ~ eVl (1 + \/]a|) and ||@71(¢)|, ~
e~ Vlalt <1 + 4/ |a|>. Essentially, the point is that the solution matrices have a wide

10° 0
range of eigenvalues and are ill-conditioned. For example, the matrix .
0 10~
107° 0 _
has the inverse , yet the dominant term is 10°, so either matrix ap-
0 10°
1071 0 : : .
pears to be 10° ~ 10° a singular matrix. This is an
0 1 0

example of a stiff system. For our system, the condition number ~ (1 + ]a|> .
And any condition number >1 tells us that having an ill-conditioned matrix will
result in something like having a system with fewer eigenvalues than the dimension
of the vector space that the matrix operates on. What this means for us is that any
computation done with any of ®(t), ¢, or ¥ will not be accurate since only the largest
eigenvalues of the system dominate and determine what the solution will appear like,
independent of the ’true’ solution.
In the following picture, we show a plot of the condition number (= ||®(¢)]| [|®~*(¢)||)

of the solution found from built-in Mathieu functions. Note the huge values of the

condition number in the region a < 0,¢ > 0.



44

Matrix condition number of ¢ b=0

N

12

98] I wn

variable 't

3]

l [

Ot
-10 -3 0
parameter 'a'

()}
—
[
-

In order to work around having ill-conditioned matrices, it required the use of a

different relative error. The second relative error that was calculated is

(@ — )|,
1]

Relative error 2 =

Using this second relative error, we produced the plot
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Mathieun eqn b=0 Log (Relative emror)

variable't

parameter 'a’

Notice that the order of magnitude for a < 0 is correct. This confirms that in
the commutative case, we have a correct solution. For a matter of comparison, with
b = 0.1, we place side by side the contour plots of the relative error of Magnus’

approximation using the two different relative errors.

Mathieu eqn b=.1 Log(Relative error1) Mathien eqn b=.1 Log(Relative error2)

7 7

6 6

5 : s :
Y 3.
£ 3¢
E=I =

2 2

1 l 1

0 0

-10 -5 0 5 10 -10

parameter 'a’ parameter 'a’
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7.2 A Non-commutative Example

For a second example, we chose a 2 x 2 coupled system defined by the equation

Db (1) + 1 — acos?(t) —1 + acos (t)sin (t) S 2O =1 (72)
1+ acos (t)sin (t) 1 — asin? (¢)

This example was chosen because it has a known ’exact’ solution

eVt cog (t e tsin (t
. 0 0

—eleDtgin (t) e tcos (t)

—1+ acos? (t) 1 —acos(t)sin(t) | . _
Note that 1s a noncommutative
—1 —acos(t)sin (t) —1 + asin® (t)

matrix function, except for the parameter value a = 0. The order 6 in time Magnus’
approximation, e®® with the first relative error (Relative error = H (eﬂﬁ(t) — <I>) Sl HF)

produces the contour plot

Order 6 Exact eqn Log(RelErrorl) (a,t)—plane
4 [

-15

-6 -4 =2 0 2 4 o
parameter 'a’

Again, the lighter line marks the analytic estimate of (6.4]) for the radius of con-
vergence of Magnus’ expansion. In order to verify that the solution is close in the

region we plotted, we produced a contour plot of the condition number of & ().



47

Matrix condition number of 'Exact' @

variablet'
[ o] Lad Ju _h (o) Lo |

-15

—

)

|
—
=

=5 0 5 10
parameter 'a'

From these, we have every reason to believe that our solution is close in the region
—7<a<T7 0<t<2r+1 To make a point about the convergence estimate
of Magnus’ expansion, included below are plots from the order 2 in time Magnus

expansion to the order 8 in time Magnus’ expansion.

Order 2 Exact eqn Log(RelErrorl) (a,t)—plane Order 4 Exact eqn Log(RelErrorl) (at)—plane
4 4
3 3
1 1
= 3=
. .
=2 =2
= &
= =
1 1
0 + o] -
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6

parameter 'a' parameter 'a'
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Order 6 Exact eqn Log(RelErrorl) (a,t)—plane Order 8 Exact eqn Log(RelErrorl) (a,t)—plane

4 4

3 3

1 1

2 P
'§ 2 -§ 2
S I
- 54

! -15 ! -15

0 -A 0 —A

-6 -4 -2 0 2 4 o6 -6 -4 -2 0 2 4 6

parameter 'a’ parameter 'a'

Notice the growth of the black region (convergent area) from one plot to the next.
This illustrates the rough convergence of Magnus’ expansion as the order in time

grows for this example.
7.3 A Frenet Example

Recall the Frenet relations from differential geometry [10]

I
zl

»

K (s) N (s)
—k(s) T (s) — 7 () B (s)

O O O
w zl 4l
I

—
»
~—
Il
9
—
»
~—
z|
~—
»
N~—

»

where T (s), N (s), and B (s) are the tangent, normal, and binormal unit vectors of
an orthogonal frameﬂ on the curve «a (s) € R® parametrized by the arclength s and
K (s), 7(s) are the curvature and torsion of « (s). Each unit vector has three scalar
components, meaning that for a fixed number s, T (s) = {T1(s),Tx(s),T5(s)},

— —
likewise N (s), and B (s). For emphasis,

D, () = 5 (5) N (5) = {# (5) N (5) .5 (5) Na (s) , 5 () N5 (5)}

2Notice that since these are all orthogonal unit vectors, we are dealing with some subset of the
Lie group SO(3).
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. Looking closely, this is a first order, linear ODE in the form

T1(s) Ta2(s) T3(s) 0 —k(s) 0 Ti(s) Ta(s) Tz(s)
DS Ni(s) Na2(s) Ns(s) + K (s) 0 —7(8) Ni1(s) Na2(s) Ns(s) =0
Bi(s) Ba(s) Bs(s) 0 7 (s) 0 Bi(s) Ba(s) Bs(s)

(7.3)

Using this, we can construct an example in the matrix algebra Mj; (R).
In order to construct a non-trivial example, to which we know the exact solu-
tion, we started with the curve « (t) = (cos (t),sin (¢), f (¢)), with f (t) a yet-to-be-
determined function. First, we parametrize the curve a with respect to arclength.

Arclength, s (t), is given by

s (t) :/Ot 1+ (Dof (0))%d0

The trick we need to utilize is this: 1 4 (Dgf (9))2 needs to be a ’perfect square,’
e.g. 1+ (Dgf ())” = (g())* where g (6) is a nice’ function. Let Dyf (6) = sinh (6).

This allows us to integrate the arclength for a non-trivial example . This gives us the

arclength for « (t) as

s(t) = /0 t \/ 1+ (sinh (8))*d6
= /t cosh (#) df = sinh ()

0
We also need f(t), given by Dyf (f) = sinh (f). Integrating this separable dif-

ferential equation yields f (t) = cosh (t) + constant. Parametrizing the curve o by

arclength gives us
a(s) = (cos (simh_1 (s)),sin (Sinh_1 (s)) ,cosh (sinh™" (s)))
= (cos (sinh™" (s)) ,sin (sinh ™" (s)) , V1 + 52)

Now for the tangent, normal and binormal unit vectors, we use the definitions

— — 2 (s — — —
T (s) = D,a(s), N (s) = \gw—aii and B (s) = T (s) x N (s).

2Exercise: A second non-trivial example is « (s) = (cos(s),sin (s), Ln (cosh (s))); again, some
form of a helix. Note that the derivation and any Magnus’ results are nearly the same as for this
non-trivial example.
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The expressions for the curvature and torsion are found by the definitions « (s) =

HDS? (s)||, and 7 (s) = N (s)- Dsﬁ (s). These yield
V2

14 s?
s
T(s) = e
These give us
_T (s)— 0 H% 0 _T (s)—
— —
Di| -N(s)- [+] & o0 o ~N (s)— (7.4)
— s —
—-B(s)— 0 T 0 —-B (s)—
ﬁ
_T (3) _
with | _N (s)— | the row vectors from (7.3
é
-B (s)—
—
~T (s)— 0 1 0
: . =
We normalize the ODE [7.4/by finding | _IN (s)— = _\/Li 0 \%
B 1 9 L
(s)— B /3 NG
— N 5v=~0
—T (s)— 0 1 0
: s o : =
Notice that it’s not 7, yet it is invertible. Let | _N (s)— | = ®(s) _\/Li 0 \/Li
B 0 L
(s) - Vi V2
where ® (0) = I. From this we have the ODE
0 -2 0
V2 s —
Do (s) + T 0 = | ® (s), (0)=1 (7.5)
0 1—552 0

Note that with this ODE, we have a known fundamental solution

T 0o -L L

—T(s)- Vi V3
.

P(s)=| _N(s)— 10 0

B o L L

—B (s) - Vi V2



o1

And, @ (s) € SO (3), so the adjoint solution ¥ (s) = ® (s). Note also that this is
because the matrix A which defines the ODE is skew-symmetric, hence the adjoint

equation takes the form

Dy = —A"U = AV
which is simply the Frenet ODE.
Magnus’ Expansion for the Frenet example.

Now that we have the Frenet example built, we can apply Magnus’ expansion to

it. Magnus’ expansion applied to the Frenet system (7.5 produces the relative error

Frenet eqn Log(Relative errorl)

— t

Note the magnitude of the error for ¢ < 0.5. The relative error is less than
e = O (107°%). From the analytic estimate for the convergence of Magnus’
expansion, the bound on convergence is t < .5857. Numerically we are close in norm,
hinting that we might possibly have convergence beyond ¢t = .5857.

With this example, we can demonstrate a significant property of geometric integra-
tion. In essence, since ® (s) € SO (3), and Magnus’ expansion €, () € so(3),Vm €
Z,Vt € R, we have Magnus’ approximation e?»® ¢ SO (3),Vm € Z,Vt € R, mean-
ing that e*® is orthonormal for all m and t. Here is a picture of the L; norm of

efs(®) . (eQS(t))T, where T denotes the conjugate transpose.
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2 — norm of %) . (es®)
1.01

1.005

0.995

0 2 4 & g 10 12

Next is a picture of the Magnus’ curve ag(s) vs. the analytic curve a(s) =
(cos (sinh_1 (s)) , sin (simh_1 (S)) ,m) The construction is unique up to trans-
lation in R? (due to the fact that Magnus’ approximation only finds o/ (s)). We
show the solution ag(s) up to the point of rapid divergence from «a/(s), and in a

neighborhood of the rapid divergence from « (s).

a(s) vs. ag (s) for s=(0,1.5) a(s) vs. ag (s) for s=(1.,1.2)
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8 Conclusions

We are unable to satisfactorily answer the following questions in general:

1. For what values of ¢ does €2,,,(t) converge to Q(t) as m — oo?

2. If Q,, converges, how close is €2, to €2 for a given m?
3. For what values of ¢ is ) = ®(t), the fundamental solution to ([3.1))?

4. Exactly how close is e to ® for a given m?

Note that (3) is a distinct question from 1, though if Q,,, © are close, then efm,
et are close by continuity of the exponential. For question (2), it is known that if
fot |Al] < 1.086869, then e — @ as m — oo, [23] although this is very unsatisfying
since it doesn’t take commutativity into account.

Besides these questions listed above, the collection of open questions discussed

here are the follow up questions that I would like to see answered.

Cauchyness of (2, in the tangent space.

Since Q,, (t) = > I',, (t), provided we are in the neighborhood [0,¢) such that
n=1

fot |Al] < 1.086869, exactly what is the bound €, € R, so that || (t) — Q,, (1)]| < €7
And can it be found from ||, 41 (¢)||?7 Does some function of this bound correspond

to ||® (1) — D] < f (em)?
Special cases.

Consider the special cases of:

0 1 0 1
1. equation (1.1)) with A (t) = ,or even A (t) =
f@ ok f@ 0

where f (t) is an integrable function and k is a constant.
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0 K (t) 0
2. equation with A(t) = [ —k(t) 0 7(t) |, where 7 (t) and & (t)
0 —7(t) 0

are integrable functions (the curvature and torsion of a curve in 3-space).

Magnus’ expansion in both of these cases gives rise to a series the terms of which

are made up of linearly indepenent matrices ui, us, and us.

Numerical applications.

If A(t) = A(t +T) for all t, is there a good numerical algorithm for finding a
high-order (in the parameters) numerical approximation to € (tq + 7T") where T is the

principal period of the system?
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A Euler’s method & Taylor series methods for approxi-
mating solutions of differential equations

A.1 Euler’s method

Let’s start with equation (3.1). A simple Eulerian approach would be to ap-
proximate D;®(t) by w for some small h. This yields an iterative time step

equation of

O(t+h) = (I +hA(t) B(t)

and, with the initial condition ®(¢y) = I, over n steps gives us the approximation

O(t) ~ (I+hA(t)) (I +hA(to+h) (I + hA(tg+2h)) - (I + hA (to + nh))

n

= ] U +hA(to+kh))

where t — tg = nh.
A.2 Taylor series methods

Another method of approximation for a fundamental solution is through the use
of Taylor series. Again, considering an equation of the form (3.1]), suppose we try
approximating the fundamental solution by truncating the Taylor series expansion,

using the differential relation (3.1)). Let’s try

2 (t—to)
o) => G
J=0
Note that each a; is an n X n matrix.

Then we have from equation (3.1)),
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o0 o0

E:%+lt—q):: E: t—é) 1

=0

Suppose we also have A( ) analytlc in some neighborhood of t5. Then we can

Taylor expand A (t) as A (t Z b= to) . This gives us the equation
k=0

N (t—t) = t—tfﬂ
Z%‘HT = Zzbk% a =1
=0 j=0 k=0

X () (t —to)’

= 2> ()t
7=0 k=0 ]

The relation of the coeflficients is

j )
aj11 = Z (‘]1> bj_ray

k=0

Our approximate solution is the polynomial

A.3 Examples
Let’s apply each of the three methods to the following ODE:

0 1
D (t) = O(t) (0)=1
—t 0
For each of these methods, we evaluate the approximate solution ® (t) at the time

t = 1. Each approximate solution is compared to a solution ® (¢) computed from Airy

functions and evaluated at time ¢t = 1. The Airy function solution is

0.83881 0.91863
—0.46735 0.68034
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Euler’s method.

L

105> the approximate solution is

Using a stepsize of

% (1 0.83859 0.92853
—0.47272 0.67509

which has a relative error of 0.01299. More significantly, the determinant of ® (1) is
1.005, indicating that the solution is no longer in the Lie group SL(2), while the true

solution can be shown to be in SL(2).

Taylor series method.

Using a Taylor series out to 3, the approximate solution is

~ 18 10 R A L
b (1) = . 6t5 18(28 133 5;4
T omtuw 173 @
Evaluated at t =1,
- 0.83889 0.91863
@ (1) =

—0.46736  0.68056
which is much closer to the solution ® (1) than the Euler method.
Picard iterative methods.

Starting the iteration with ®g (t) = I and following five iterations,

1 3 6 ¢ t4 t7

z _ T 6 180 T 12 7 504
q)(t)_ t2 t5 t8 3 t6
_5_%+1440 T3 T

equal to the Taylor series out to 5.
Though these methods are numerically close, they still retain certain problems.
As pointed out for the Euler method, all three of these methods are geometrically

flawed; none lie on the manifold the solution evolves on.
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B Magnus’ expansion as an integrating factor

What we would like to show here is why we can re-write the ODE

Dix(t) +A(t)x(t) =0 z(0) == (B.1)
Dy (eﬂ(t)a: ) = 0
= z(t) = W M0y (1))

analogous to the scalar equation ({2.2)) with the solution ({2.3)).
Let x(t) = ®(t)x(to) where ®(¢) is the fundamental solution to (B.1)) so that (B.1))

becomes

D@ () o+ A() D (H) 2o =0 d(0) =1
Provided there exists an “n x n” matrix function € (¢), such that D;(®) =

e~ M A (t), we can multiply on the left by e~ (the integrating factor) and re-write
the ODE as

(e7%0) (D (1) + A (1) (1) = e "Dy (1) + e "V A (1) 2 (1) = 0

Since there exists an Q(t) such that D, (®) = e *® A (t) (using uniqueness and
existence of a solution to Hausdorff’s equation (4.9)), we can re-write (B.1)) as

Dy, (e (t) 7y) = 0

This exact differential integrates to e ™" ® (t) 29 — e ) ® (t5) 2o = 0. By defi-

nition of a fundamental solution,®(ty) = 0 and e~*® is invertible, giving us

O (t) xo = x(t) = Ve o)y



Note that this also implies that ®(t) = eS*)et0)

61
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C Proof of proposition 4

Proof. Let D;® = A®, ¢ (ty) = I, for A(t) such that A(§)A(C) = A(Q)A(E),

V(, & € R. Magnus’ expansion is

o) = / (e, - / /“ A dadl,
/ / ) / " A(G), AlGa)], A dCydGadc,
= ’ / " LA, [A(C), AW dCadCadC, +

But since A(£)A(() = A(()A(E), the only term that remains is the one that contains
no Lie commutators, that is (t) = / A(Cy)d¢, so ®(t) = el AO% g

to
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D Proof regarding existence of a solution y = ¢

In section [4.2] it was shown that for the existence of a solution ® (t) = e® to (L.1)),
the spectrum o (adg) must not contain a A such that A € {2win}, for n € Z — {0}.

Here is the relationship between the eigenvalues of the adg operator and the matrix

Q.

Theorem 22 Let ) be an n x n matriz. Then adg is diagonalizable iff Q is diago-

nalizable.
V1 0
v
Proof. First, suppose ) is diagonalizable, o (2) = {v;},,,, and Q = ?
0
Take a 'unit’ matrix, U;;, an n x n matrix filled entirely with zeros except for a
0O 0 --- 0
one in the 'th row and j'th column. So U;; = . |, where the
. 1 .
0 0
0 0 0
1 is in the ¢, j'th place. Now notice that adg (U;;) = ' =
L vi— :
0 = 0
0 O 0
(vi—vy) | |, so that (adg — (v; —v;)I)U;; = 0. The set {U;;}
| :
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forms a basis in which adg, is diagonal with entries the differences of elements of o (£2).

Conversely, suppose adg is diagonalizable for € € M,,. This means that there
exists a basis {U; }1<;<n2 of M, such that ada(U;) = o,U; for o; € R. So QU; — U2 =
o;Us;.

Let a; = 3; — A\, for some A\, € ().

Then
QU; — UQ = B,U; — \U,,

and

which gives

(Q = B1)U; = U = A J) (D.1)

Take V' € C" such that QV = A\, V. Multiply on the right of both sides of (D.1J)
by V. This yields

Q= BDUYV = U(Q— AV

So either U;V =0 or (3;; U;V') form an (eigenvalue ; eigenvector) pair.

If U;V = 0, then there exists at least one nonzero row of U; which is orthogonal
to V for each i € {1,2,...,n%}.
Since V' € C", there are at most n — 1 linearly independent vectors which are or-
thogonal to V'; meaning there are at most n — 1 linearly independent U; which satisfy
UV =0.

Since there are at most n linearly independent V' € C", we must have at most
n(n — 1) linearly independent U; which satisfy U;V = 0.

This means that there must be at least n linearly independent U;V # 0 for 1 <

i <n?and V e C".
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= There exists at least n linearly independent (5;; U;V) (eigenvalue ; eigenvector)
pairs. Hence, () is diagonalizable. m

Now let us remove the assumption that €2 is diagonalizable.

Corollary 23 Suppose Q is an n x n matriz, {v;} = o (Q), and let X € o (adg).

Then X\ = v, — vy for some vy, v, € {v;}.

Proof. Let 2 be an n x n matrix operator, {v;},.,, = 0 (Q2), and let A € o (adq).
What we're looking for is A as a function of o (2) such that Det (adg — AI) = 0.

From the proof of the previous theorem, when (2 is diagonalizable, we have that
for A € o (adq) , A = v,, — v, for some v,,,v; € o ().

Now suppose 2 is not diagonalizable. We know that {2 has a unique Jordan
canonical form, unique up to the order of the elements on the diagonal. Without any
loss of generality, we can assume €2 is in Jordan canonical form. Let’s write ) =
Qs+ where (g is the matrix of diagonal entries of €2, and €2 is an upper triangular
nilpotent matrix of all entries on the diagonal zero. Since the Lie commutator is

bilinear, adyp = ada + adpg, hence

adQ = adQS+QN = adQS -+ adQN

for which adgq is diagonalizable by , and adg, is nilpotent.

Let P (A) be the characteristic polynomial of adg,. Recall that P (adg,) = 0,
by the Cayley-Hamilton theorem. Now the key point to notice is that P (\) =
Det (adq, — AI) and, that

P(adq) = Det(adg, —adgol)
= Det (adqy — adq)
= Det(—adq,)

= 0

since adgq,, is nilpotent.
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So adg satisfies the characteristic polynomial for adg,, hence the eigenvalues of
adg are precisely the eigenvalues of adg,; i.e. for A € o (adg), A = v, — v, for some

Um, V1 €0 (2). m
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E Computer Program

The program given below estimates the fundamental solution to (3.1)). The first
thing that should be done is to define A(t), the matrix valued function of ¢. This is

done by setting

fia®t) - fia(t)
o Alt]:= : K :

fn,l(t) Tt fn,n(t)
We also must define the Lie commutator. This is one line of code defining a

function to multiply and subtract matrices.
e Comm|[A_, B_] := Simplify[A.B - B.A]

The next seven lines of code defined the first seven Baker-Hausdorff functionals
according to their order as specified by Iserles” work. First, the root functional of

order t,
o wilt] = [ A(s)ds
Then the functional of order 3,
o wolt] := [ Comm[w(s), A(s)]ds
These next five functionals give us an approximation of order ¢,
o wlt] = [yCommlwy(s), Commlw; (s), A(s)]]ds
o wylt] = [y Comm[ws(s), A(s)]ds
o wilt] = fOtComm[wl(s), Comm|[wsy(s), A(s)]]ds

o wglt] = fOtComm[wg(s), A(s)]ds
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o wrft] = f(]tComm[w4(s), A(s)]ds
Next, we define the approximate solution to (1.2) as

o QT ] = Simplifyfun[T] - 257 + =71 4 24t - <l - ol - r ]

In order to find the fundamental solution, that is, the solution ®(t) for (3.1)), we
need to exponentiate Q[t]. Mathematica calculates the exact numerical exponential

of a matrix by Jordan decomposition methods. Specifically, the line is,
e &), = MatrixExp[Q[T]

Now, at this point in the code, it is helpful to enter various functions and values
that will be useful when trying to verify the accuracy of the solution. One value that
helps is in setting a name to the identity matrix the size of the system (the simplest

cases considered are of size 2x2). Here it’s referred to as
e ID = IdentityMatrix[2]

A necessary part, though seemingly unrelated section of the code is the definition
of a norm for a given matrix. With a given norm, we have the ability to associate
a non-negative real number with a given matrix, in some sense giving the ’size’ or
"distance from zero’ for a specified input. The simplest norm to use and to compute

with is the Frobenius norm given by
e normp[rr] := (Tr[rr. Transpose|rr]])2

Following the creation and construction of ® and W7, the analytic fundamental
and adjoint fundamental solutions respectively, we are able to calculate the relative
error for the approximate fundamental solution ®,,. Our two choices to calculate the

relative error are:
e Method 1) Relative error = H‘bﬂf}%‘bH:H@M\DT - [H =normp [® V7 — ]

e Method 2) Relative error = 222l — nornn;fn[ﬁgq)]

In the examples of section (7)), we note where we used which relative error.
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