Math 614 Numerical Linear Algebra (Bueler)
Worksheet: Proving backward stability.

Recall axiom (13.5): for each z € R there is a real value € so that fl(z) = z(1 + €) and |¢| < €nachine-
Recall axiom (13.7): for all z,y € R, and for operations # = +, —, x, -+, there is a real value € so that
T®Y = (‘T * y)(l + 6) and |6| < €machine-

A problem is a function f : X — Y, where X and Y are normed vector spaces. An algorithm is

another function f : X —» Y. On computers for which axioms (13.5) and (13.7) are true, we say
the algorithm is backward stable for some input x if

m for some 7 satisfying |2 — 2| = O(€machine) |

|z

In each of the following exercises, if I have not done it already, start by precisely identifying the
problem and the algorithm. Then prove backward stability.

1. Prove that the obvious algorithm f(z) = fi(z;) @ fi(x) for dividing real numbers (f(z) =
1 + x2) is backward stable. Assume 2 # 0.

2. Prove that the obvious algorithm for raising a real number to the third power is backward
stable.
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3. Let z € R3 be fixed. Prove that the obvious computer algorithm for computing the inner
product a*z, for a € R3, is backward stable.



