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the Laplace transform strategy

ODE IVP for y(t)

L

A4

algebraic equation
for Y(s)

solve for Y

Y(s)

e need §7.3: “operational properties” esp. translations (shifts)
o including the unit step function U(t)



recall Laplace’s Transform

e the definition:
£{f(t)}:/ e~ () dt
0

e when applying £ to an ODE use:

L{y'(t)} =sY(s) - y(0)
L{y"(t)} =s?Y(s) — sy(0) - y'(0)

e doing £71 is mostly use of a table, e.g.:
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TABLE OF LAPLACE TRANSFORMS:

we have a decent table
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noticable in the table

e compare the left and right columns in this part of the table:

c{t) :S% L£{te} = (s_la)z
ety = 2, t{ee=
L {sin(kt)} = 52+Lk2 L{e*sin(kt)} = (Sa;(
Lleosth)} = 5y L{e™eosth)} = =57 s

e multiplying by e®f causes: s —>s—a
e this is a rule!: multiplying by an exponential in t is translation in s:

L£{e*f(t)} = F(s — a)



why?

e why does multiplying by e cause s —s—a ?

e recall definition:

L{F(E)} = F(s) = /OOO St (1) dt

£{e"f(t)} = /O T estest (1) dt = /0 T eIt (t) ot
=F(s—a)



examples from §7.3

e start by just going back and forth using the new rule
e exercise 1.

L {e*sin(3t)} =

e exercise 2.

1
—1 _
£ {52—6s+10}



example like §7.3 #23

e exercise 3. use L to solve the ODE IVP:

y'+4y'+4y =0, y(0)=1,y/(0)=1



example like §7.3 #30

o exercise 4. use L to solve the ODE IVP:

y'=2y'+5y =t, y(0)=0,y'(0)=7



unit step function

definition. the unit step function is

() — {0, t<0

1, t>0

the book defines it with a translation,
and only on [0, o0)

0, 0<t<a
Ult—a)=< g —_—
1, t>a
why? because we want to model !

“switching on" at time t = a




U(t — a) helps with switching on/off
write each function in terms of unit step function(s):

e example A.

0 0<t<1
ft: ) —
(t) {t2, t>1

e example B.
E(r)




Laplace transform with U(t — a)

e U(t) is also called the Heaviside function
e casy-to-show: if F(s) = L{f(t)} then

LA{f(t—a)(t—a)} =e F(s)

Oliver Heaviside

. 1850-1925
e show it: ( )

N\




457 in §7.3
e exercise 5. write the function in terms of U and then find the
Laplace transform:

0, 0<t«1
f(ty=9 ., . _
(t) {tz, t>1



second version

the book then says:

We are frequently confronted with the problem of finding the
Laplace transform of a product of a function g and a unit step
function U(t — a) where the function g lacks the precise shifted
form f(t — a) in Theorem 7.3.2.

yup, that's our problem

2nd form of the same rule:

L{g(tU(t—a)} =e*"L{g(t+a)}

it will be in the table also, when it is printed on quizzes/exams



once again

e exercise 5. write the function in terms of I/ and then find the
Laplace transform:

0, 0<t«1
f(ty=9 ., . _
(t) {ﬂ,tzl



like #66 in §7.3

e exercise 6. use Laplace transforms to solve the ODE IVP:

y"+9y =f£(t), y(0)=0,y'(0)=0

where f(t) = {

1, 0<t«1
0, t>1



summary

e assume L{f(t)} = F(s)
e Ist translation theorem.

L£{e*f(t)} = F(s— a)

e 2nd translation theorem. if a > 0 then

LAf(t—a)l(t—a)} =e *F(s)

—as

o includes easy case: L{U(t—a)} =
o second form

[Lig(tU(t—a)} = e *Lig(t+a)}|

S

e these are all in the table you will get on quizzes and exams, so:
goal is understanding not memorizing



expectations

to learn this material, just listening to a lecture is not enough
e read section 7.3
o you can ignore “beams” and example 10 in §7.3
e find good youtube videos on Laplace transforms and inverse
Laplace transforms?

e do Homework 7.3



