
Math F302 Homework 5.3 revised version; 4 November 2023

Homework 5.3

due 11:59pm Monday 6 November (revised), by Gradescope as usual

all of these exercises will be graded for correctness

This is a coherent story, with mixed-in problems that you should solve, that replaces
the book’s exercises for Section 5.3. Please write your answers on a separate sheet, and
clearly label you answers with “Problem 1” though “Problem 9”. Scan and turn in
via gradescope as usual.

Energy is just a technique for solving differential equations

It is common to talk about natural gas or oil as “energy.” We say batteries use chemicals
to store “energy” which they then deliver as electrical “energy.” People who know no
physics or math happily discuss the “energy industry” and the “politics of renewable
energy”.

But this use of the word “energy” is new, younger than the United States of America. It
arose in physics before entering everyday language:

In 1807, Thomas Young was possibly the first to use the term “energy” . . . in its modern sense.
. . . The law of conservation of energy was also first postulated in the early 19th century . . .

https://en.wikipedia.org/wiki/Energy

Energy is an incomplete solution of a differential equation (DE) which describes some
motion. Its physical interpretation is as a conserved quantity that cannot be created or
destroyed but only transformed.

From the point of view of Newtonian and classical mechanics, energy is a first integral of
the standard second-order DE for acceleration:

mx′′ = F (x) (1)

Here x(t) is the position (trajectory) of a particle. As shown below, the energy appears
when you use a kind of integrating-factor technique for (1). Notice that the force F here
depends only on the position x and not on the velocity x′.

Finding the energy does not fully solve the DE. However, it identifies a conserved quantity
for solutions, increasing understanding of the DE. Though most DE textbooks discuss
energy, ours does not. This Homework introduces energy, and fixes the book’s omission.

The energy and the first integral. To make the appearance even simpler, consider a
second-order and possibly nonlinear DE of the form

y′′ = f(y). (2)

https://en.wikipedia.org/wiki/Energy
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Equation (2) is basically the same as (1), but written to de-emphasize the connection with
physics.

The solution of (2) is an unknown function y(t). Note that y′ does not appear in (2). The
function f(y) may be linear or nonlinear.

Problem 1. Find the general solution of (2) if f(y) is the linear function

f(y) = −ky − g

where k and g are positive real constants. (Hint. An easy §4.3 and 4.4 problem.)

We want to make progress solving DE (2), that is, we want to integrate. But the right side
of (2) is not a derivative of anything. However, if we multiply both sides by y′ then both
sides are derivatives:

y′y′′ = y′f(y) (3)(
1

2
(y′)2

)′

= − (P (y))′ (4)

Here P (z) is a function whose derivative is −f(z):

P ′(z) = −f(z) or P (z) = −
∫

f(z) dz.

The extra minus sign is merely traditional. Notice that going from (4) back to (3) requires
the chain rule because y = y(t).

Problem 2. To show that you understand the chain rule and antiderivative, as they relate
to equations (3) and (4), do these basically meaningless calculations:

i) simplify
(
1
7
(y′)7

)′ assuming y(t) is some function.

ii) find P (z) if f(z) = z − e−3z.

Now that both sides of (4) are derivatives, we can integrate both sides. With slight re-
arrangement we get

1

2
(y′)2 + P (y) = C (5)

where C is a constant of integration. Equation (5) is called the first integral of DE (2). Note
that it is a first-order nonlinear ODE which is a partial solution of (2). The left side of (5)
is called the energy of DE (2), a function of y′ and y:

E(y, y′) =
1

2
(y′)2 + P (y). (6)

2
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Problem 3. Compute the energy and first integral if f(y) = −ky − g as in Problem 1.

The constant C in equation (5) can be evaluated from an initial condition. For instance,
for the initial value problem

y′′ = f(y), y(0) = y0, y′(0) = v0

we can use (5) to find

C =
1

2
(v0)

2 + P (y0).

Thus C is the value of the energy at any time,

E(y(t), y′(t)) = C.

The energy is a constant independent of t, unchanged from its initial value, if y(t) is a
solution of (2). This is what it means to say that energy is conserved.

Energy in physics, and conservative forces. Now we return to the Newtonian equation
(1), namely mx′′ = F (x). Here the unknown solution is the position function x(t). As
usual, m is the (constant) mass and the function F is the force.

The (total) energy for equation (1) is

E(x, x′) =
1

2
m(x′)2 + P (x) (7)

where P (x) is some antiderivative of −F :

P ′(x) = −F (x). (8)

Showing that (7) follows from (1) is the same calculation as showing how (6) is derived
from (2).

The energy is the sum of two parts, the kinetic energy 1
2
m(x′)2 and the potential energy P (x).

The potential energy function P (x) depends on position only and not velocity x′. Regard-
ing the sign choice in (8), this is simply a physics convention that the force is chosen to
point down-slope (not up-slope) on the potential: F (x) = −P ′(x). Such a force, which is
the (negative) derivative of some potential energy, is called a conservative force. The forces
of gravity and springs are conservative forces.

Drag forces from air resistance, or fluid damping forces, as appeared in some problems
in sections 1.3, 3.1, 3.2, and 5.1, are not conservative forces. They are proportional to the
velocity x′ or a power thereof, and they dissipate energy as heat. That is, when there is
drag or damping then the sum of kinetic plus potential energy for the moving particle is
not conserved but rather decreases in time.1

A nonlinear spring. A linear spring, as described in section 5.1, is modeled by Hooke’s
law. It applies force F (x) = −kx when x is the displacement from the relaxed position

1However, microscopically, the energy of the huge system consisting of all the moving particles in the
air (or fluid) would be conserved if it were isolated.
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x = 0. However, as discussed in section 5.3, one may model more realistic nonlinear
spring behavior by adding a term proportional to x3. For example, the force might be
F (x) = −k(x + ϵx3) so that the equation of motion for a mass m attached to a nonlinear
spring might would be

mx′′ = −k(x+ ϵx3) (9)

where k > 0 is constant. We will assume that ϵ > 0. (This “hard” spring strongly resists
compression/expansion too far from the relaxed position.)

Problem 4. Compute the energy E(x, x′) for DE (9).

One can show a contour plot of the energy. The non-intersecting contours show the pos-
sible motions, and the energy is constant along each contour. Figure 1 shows such a plot.
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Figure 1: Contour plot of the energy E(x, x′) of a nonlinear spring.

Problem 5. I set m = 1, k = 1, and ϵ = 1
2

in equation (9) when creating Figure 1. Using
your result from Problem 4 you have a particular energy function E(x, x′) of which Fig-
ure 1 is the contour plot. Label the three bold contours in Figure 1 with the value of the
energy. Note these labels are specific numbers, though some approximation is appropri-
ate.

Problem 6. Now assume the ODE is y′′ = f(y), namely equation (2), and that f(y) =
−ky − g as in Problems 1 and 3. If E(y, y′) is the energy computed in Problem 3, what
kinds of curves in the y, y′ plane are the equations E(y, y′) = C? Assuming k = 1 and
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g = 10, plot the (nonempty) curves in the y, y′ plane corresponding to three values of C
of your choice. (You may use a computer to plot the curves, but it is not necessary.) For what
value of C does the curve consist of a single point? Interpret this single-point case.

A pendulum. The figure at right shows a pendulum of
mass m attached to a rod of length ℓ. Gravity pulls straight
down on the mass with force −mg so that, as explained in
section 5.3, the equation of motion is

mℓθ̈ = −mg sin θ (10)

Here we denote the time derivative with a dot.

Problem 7. Compute the energy E(θ, θ̇) for DE (10).

Figure 2 shows a contour plot of the energy E(θ, θ̇) for (10) in the case where m = 1 kg,
ℓ = 1 m, and g = 10m s−2.

Problem 8. Label the bold contours in Figure 2 with the value of the energy; these labels
are specific numbers but some approximation is needed. Interpret these bold contours and
their energy values in terms of the behavior of the pendulum. (Hint: There is no ceiling
in the model.) What is happening near the location (θ, θ̇) = (3.2, 0)?

Solving certain nonlinear 2nd-order ODEs. Recall that any 2nd-order ODE can be writ-
ten in the normal form mentioned in section 1.1,

y′′ = f(t, y, y′).

Such a general ODE is often too difficult to solve. However, if variables are missing from
the right side function f then one can exploit that to solve the equation. For example

y′′ = f(y′)

can be solved, at least partially, by recognizing that it is first-order for the derivative y′.
That is, one can substitute u = y′ and attempt to solve the first-order ODE u′ = f(u). This
equation is separable: du

dt
= f(u) ⇐⇒

∫
du
f(u)

=
∫
dt = t+ c.

The table below lists some cases where one can make progress on nonlinear 2nd-order
ODEs, supposing one can compute an integral. Energy fits in this framework.

DE technique first integral
y′′ = f(t, y, y′) too general! generally no first integral

y′′ = f(t) just antidifferentiate y′ = F (t) + c where F (t) =
∫
f(t) dt

y′′ = f(y) compute energy 1
2
(y′)2 + P (y) = c where P (z) = −

∫
f(z) dz

y′′ = f(y′) substitute u = y′ Q(y′) = t+ c where Q(u) =
∫

du
f(u)
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Figure 2: Contour plot of the energy E(θ, θ̇) of a pendulum.

Problem 9. Solve the initial value problem:

y′′ = −(y′)3, y(1) = 5, y′(1) =
1

2
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