
Fluids& Solids graduate seminar 23 Fan . 2025

(MATH 692, 1 . O credit
, crn

35130)

· credit not required !
· if you want 100

credit
, expect to

give one talk... please volunteer !



innummechanics through Navier-Stokes

plan: notationproduct rules just calc.
3

· divergence theoremtreation by parts

· general (integral) conservatio
probably~

... and its derivatives
dom' new to

math grads?
· conservation of mass

· 11 "momentum actuals
· Navier-Stokes for in compressibkids

- specific
model



"generalservation
law"desuppose

F : [QT]XR-IR3, i . e. F(t,X), is a rector-

valuedlux function We

↳utlichadana
where P : /O,EXPER is the scalar density , if

=-Fonds



-Forall it c p
sy

"isserved means we know how the

~

amount of 4 in i, namely RECALL
Sedx
M

changes in time , based on knowinghve

~
much leaves through the boundary (=SFonds)
andhow much is created inside (Smsdx)



Merivativeform of General) conservation

RECALL· true over every RCI
:

S4dSFonds
·

timedenrativex
· apply divergence theorem to flux

surface integral :

DT

SFonds=SD
.Ed

GM



· thus rewrite as

S( + x - F -S)dx = 0
RECALL

· since this is true for every
is

2

-we get a partial differential equation
(PDE)

form of conservation

:F. F= S



*Eulerian view

·in this (general) conservation view,

the "control volume" - <I

isExed and does not more

· this view is also taken when you

Six your coordinates(or
numerical

mesh) to the laboratory
-

· versus : Lagrangian view where M=R(t) moves
-



mconservation(physiana mass density
T (lar)units: massme

S(t, x) = 0 no mass creation/annihilation
- -
-
-

u(t
,
x) velocity of fluid,
↑
units:stance (rector)

F(t(x) =p(t,x)u(tx) mass flux
Tunits : masatime Letor)



in other words
, physicists assume

(Spax) =-Spend
forevery (Sixed) &[I, as part of anyfluida

Inwords : no mass is actually created
or lost
,
so the change in mass in a

given volume occurs only by moving mass

across the boundmy of the volume



·mass conservation in PDE form :
-

↳+ D . (i) =0Knitnation"
stantdensitycase constant then

SindS=0
O + D.Pontuivalent am Vr

so L

=o incompressibility



def · suppose 5 : [0
,
T]x-R is a vector

source function
,
and

F : [T]xi- (3x3 mathies)restor-values
is a matrix-valued function. ra

-

&Ctx) is conserved, en
where : So,XReM, if

=-Finds



massstance
---Conservationof momentum : ↳ima (f) timedistance

Y(tx) = p(tX)n(t,x) momentum density
mass--Punits : area

-the

(r(t
,
x)=( "Internal" stress in fluid

531 532 Tzl
~sometimes:Qu
-

F(t
,
x) =(i) - - momentum flux

Sorce
↑unitemassdistanceunits samest Tra 3

-

J(t, x) = 19 body force(here
dist

mass-=
as quavity, an example)Punits :

volume true are-time



reservationof mommtum

(S= -SFndstJs

Sint-2nds +S~spiat F
-stresses

from

! weightits,inertia as a
-S

momentum flux as a

Stressdensity within momentum
&

material as a source
S
-

momentum flux



component-wise
-

if you work one component
at a time then

5 =pi, F =pin-r, j=p
this is clearer : ↳

4=pu ; column i
of 5

--

F = puiu - Ti
Spgi

thus :

(Spuid)= -Sprin
di

+ Spgidx



component-wise PDE for, from divergence theorem :

(pui) + D -Guin) = 4- + p9 ;

expand by product unless:

:+pu
-

= D. +19
-

useas
-
conservation : (i)= o
P(+Dui) =- +99i



reassemble to full vector/matrix form :

p( + u .Du)= x = + + 15



generalmodel for fluids P= density
i= velocity

mass conservation : pi = body force
2= internal stresses

+ x . (i) = 0

momentum (and mas) conservation
:

p( + u .Du)= x = + + 15

this
is
a

very
common place

to set modeling flad
!



def: given a velocity fieldi
,
for an

abstractfunction P(t,x) we call OBS

+ AURVATION
the material time derivative of o,

or

the derivativefollowing
the fluid

Ex : ①
mass

· +x · (i)
= o

-

+ n .xp =
-pX
-



so mass conservation can be written

= -pX.
② momentum
-

p( + u .Du)= x = + + 15
so momentum conservation can be written

= Mor +p
which everyone associates to

ma = F (Newton's 2nd
law)

= Fuiscons + Floody



next :
-

· Navier-Stokes for incompressible
and viscous fluids

-unteerpossibility?

-servationof energy, with application

terBueler Lecture:

⑧ "reference configurations, and

displacement, strain, velocity

· linear elasticity



-modelfor in compressible, viscous fluid i.. e. Navier-
Stokes

axioins : O mass (p) is conserved
② momentum (i) is conserved
[ angular momentum is conservedthisus

in... I

will indicate

implies pre& mass density is constant where

Newtonia &05 has a particularf so



&
demo ID Navier-Stokes

= [UgoT noo Firedrake FE
>>

/
solution

-
circulates i=0

⑳ code nthub . iou=0 I
& no stress

S

i
·

fluid-solid-seminar/
way py/bueler/cavity -py
- · animated gif

famous "lid-driven cavity"
generated from

example paraview (via . pug)



-
incompressibility : if p(t,x) =Po30 is constant

then O
-mass conservationE + X =Du)= 0

lo

Potentiom
Cassumption) of in compressibility, but from
mass conservation that would seem to allow

=x. = o



so p is not constant, but it is (weirdly)
preserved as it moves around ...



isConsfind
a

stand viscosity we must

consider the stress tensor & ...

· the main equation we are headed for is

viscosity
stratirelation [f-pressure

between tensor
em3trices
Newton's form Chypothesis) about fluids,

in modern notation



Pictureof As tensor:
T

=
143 smallbe with

face
areas

&
=u((t]

=[i] give force on this face:
X,
4 F=+A=A



angular momentum is conserved

T = rT stress tensor is symmetric

derivation in (Sor example) section 4: 3

of E .
Tadmor

,
R
.Miller & R

.

Elliott (2012) Continuum
-

Mechanicsand thermodynamics:rem Fundamental

Conceptsto Governing Equations
,
Cambridge U . Press



strainrate tensor :

defi given velocity field i, we have

a- =(A+ AT) -
stan

Du= (D +XT) = Symmetricpartdisa
H
tensor=-



· Du (and Mu) measure the deformation

rates of a small blob of fluid

· for an incompressible fluid, the traceoft

iszero :

tr(Du) = (D) 1+ (Du22+ Da33

=
= D . n = 0



~

Newtonian fluid hypothesisxom) :

there is a scalar field p and another

scalar 2 > 0 so that

-pl+ 20 Du
op is the pressure
· O is the commit vicuosity ... usually constant
O * is an axiom about how each small

blob of fluid pushes on its neighbors,
as it is deformed



· because tr (Du) =Dot=O
,
for an

incompressible fluid
,

Q also gives a

formula for the pressure in terms

of stress components :

0 = tr(20Du) = tr(+ + PE)

= tr(t) + ptr(1) = tr() + 3p
so

Estr()= -- (2n +222+ Gad)
↑ which is interpretable

in physical terms



derivationof Navier-Stokes :

· for an incompressible slaid,
D. =0 mass conservati

+Du)= X - + + pg momentum cons.

· substitute T= -pl + 22 Du into momentum

equation :

P( +n :Mi)
= - Xp + X . (zrDu) +p

· optional simplification : if r constant then X
. (20 Du
=X



-Navier-Stokesmodel for an in compressible,

clearly-viscous(Newtonian) fluid :

+D) -PerDa)+yp =p
1

-

D. = 0 itconstantau
· this needs boundary and initial

conditions !



Final(but common) form when viscosity is constant

+u. Du = uX -Exp +5-

Don =0
-

wher u= is kinematic viscosity

· often seen as a nonlinear,
constrained,

and rector form of the heat equation
· $1 million prize to show this model

is a good one, i . e, mathematicallyy...


