
Fids & Solids graduate seminar 16Jan
.

2025

(MATH 692, 1 . O credit
, crn

35130)

· credit not required !
· if you want 100

credit
, expect to

give one talk



scope : basic mathematics of
-

continuum models (continuum mechanics"),
for fluid

,
solids,
...

and their numerical approximations,
and applications

you
want,
I to

anything couragemen
i .e.

but
with eateitWu edelinere



· website at

bueler . git hub . io/fluid-solid-seminar
contains schedule of speakers, links to

slides and codes

· my contribution
: 2 Lectures to start

· volunteers! email me with date

and title ! yeah
Austin!



Xinnummechanics through Navier-Stokes done fast
!
-

just calc.
3

Plan:o

notation&productmeaerationby parts

· general (integral) conservation 3 probably
... and its derivatives for

new to
math grads?

· conservation of mass 3 actual· 11 1 momentum
physics

nexter Navier-Stokes for in compressible fluid
a



nation : X = (x
,
X2
,X3)

&3 point anded as vectorreg
=[] vector umn
f : IR3-> IR scalar functio

u : IRB-IR3 vector-valued fan
- refer field

= [u] component funcisis
Uz(X1,X 2

,X3)

usualnessassumptions fined on all ofA
② functions are as differentiable as

needed



derivativenotatin
as

partial derivative
T

=[] gradient

Don =E divine
-

otproduct u
,
v
,
+ UzV + UzV



productrules. audience input ... for scalar & rector
functions

,
dot products,

gradient& divergence

Y(.) = - - -

R(fg) = 3Xo(fu) =

xi(fg)=

2nd deriv
:

-(f) = ++=



(fg) =g +f these

we will

D(fg) = fxg + gPf

D .(fu) = +f -u + + X .u
3 neesay



also: bounded, connected
&divergencetheoreatenswith smooth boundary
22 bounday ofM
↑ outward unit normal rectorfield

along 2
dX volume element in1

aS SurfaceelementsteaU rector field-
&

f(b) f(a) case

then: StudSand



center at if= (D1Yzg 13)
2true 1X5
- ~axd

v2

consider e . g.integral
With bath 13th

SSSdxd=S
3ih With 13th

C



Y2th

Fubiniytht(S(xXx3dx)dxd
FISS (u2(xs Yzth,xz) - Uz(x , Yz - 4, xy))dxdx

=-a =
=dS onF-

= Sionds] whereHo oFUF <0,1,07 on F



do same for..get

So .ndx = S Fonds
FurFuFuuf?

= Sunds
2

extend to general of by tiling with

cubes
,
noting cancellation over all interior

faces



badpicture

M
-

S-



Integrationby partsa a corollary, sometimes
needed
,
a. Ka . Green's thm

Spfodx = Sfronds-Stroud
or

audience
in put! 2
.rule

Posx .(u) Exten + + Dou

StindSDEn)dx= Saf +Si& R

~



recall

Plan : · notationproductrates

· divergence theoremintegration by parts
-·General integralcmsewares som

· conservation of mass

· 11 1 momentum

· Navier-Stokes...



def . suppose S : [0
,
T]XR- R

,
:. e . "Generaltermation"

s(t
,
X)
,
is a scalar source function,

and

F : [QT]XR-IR3
,
i
. e.
F(t,X), is a rector-

valuedax function
.

We say

Ctx)is conserved,

where P : SORXREM, for given
s, if

=-Fonds



Tall c
means we know how the

"amount of 4 in ir"
,
namely

Sedx
M

changes in time , based on knowing "how

much leaves through the boundary" (=SFonds)
and "howmuch is created inside" (Smsdx)



derivative form of (general) conservation
-

· true over every RCI
:

S4dSFonds
·

timedenrativex
· apply divigence theorem

to flux surface
integral

SFonds=SD
.Ed

GM



· thus rewrite as

S( + x - F -S)dx = 0
2

· since this is true for every
is

we get a partial differential equation
(PDE)

form of conservation :

inF. F= S



mconservationanan e any continuous
substrme

< mass
fluid density,

M

T Scalar p : [GTXM
units: massme -> IR

S(t, x)=0 tomass creation
-

u(t
,
x) velocity of fluid,

retr : [T]Xr↑
units:stance -> 13

F(t(x) =p(t,x)u(tx) mass flux
Tunits : audience



physicists assume:

(Spax) =-Sund
for every (fixed) M <It

words: no mass is actually created
or lost
,
so the change in mass in a

given volume occurs only by moving mass

across the boundmy of the volume



·mass conservation in PDE form :

-i

0 + M.ou) = 0
so

E= o



↓Fuleriavingeneral or mass) conservata
view
,
the "control volume" - <I

isExed and does not more

· this view is taken when you

Six your coordinates /or
numerical

mesh) to the laboratory
· versus : Lagrangian view where M=R(t) moves



def · suppose 5 : [0
,
T]x-R is a vector

source function
,
and

F : [T]x - (3x3 matrices)
is a matrix-valuedSuncti. rector-valued !

Ctx)is conserved,

where :S,XM, if

=-Finds
caudience : consistent ? )



Conservationof momentum : La(f) = mass.distance

Y(tx) = p(tX)n(t,x) momentum density

Punits :

(r(t
,
x)=( "Internal" stress in fluid

531 532 Tzl
~sometimes: pu

F(tx)=" - - momentum flux

Y
Punits : same as:

J(t, x) = 19 example of source :-

"body force" from gravity
Punits :



Conservation of momentum
- LS)= -SFndstj

(ounT- 2) nds + SogdxSpax) =-X=

F -7S
weight

inertia
,
as a

momentum ! Edensity,
flux

as a

Stressdensity within momentum

material a momentum source
S
-

flux



component-wise
-

if you work one component
at a time then

5 =pi, F =pin-r, j=p
this is clearer : ↳

4=pu ; column i
of 5

--

F = puiu - Ti
Spgi

thus :

(Spu-Sprin na

+ Spgidx



component-wise PDE for

(pui) + D -Guin) = 4- + p9 ;

expand by product unless:

: +p + Du +ui
= D. +19
-

useas
-
conservation : (i)= o
P(+Dui) =- +99i



back to full rector form :

p( + u .Du)= x = + + 15



generalmodel for fluids P= density
i= velocity

mass conservation : pi = body force
2= internal stresses

+ x . (i) = 0

momentum (andmass) conservation
:

p( + u .Du)= x = + + 15



next :

① Navier-Stokes for incompressible
and viscous fluids

② "reference configuration, and

displacement, strain, velocity

③ linear elasticity


