
CConservationand DG <-April 2024
· Poisson string form again : discontinuous

- Duf onM
Galerkin"

· recall U = N ·Nu

integrate over any SCR : *--

S -D -Du = SS
S S

div . ↓
tem

- S
,

Dno = Ss O



~

multiply by any v and integrate over 12 :

assume
n=
0
or fo

will
S - -u) u = S fu and u

=Spon In
div. f v orthe

& U .Dv-Svanon-Suf h

dea : exact solution satisfies both ① (foralls)
-

and (for all ~)

Q
.
Which do we want to use as the basis

-

of a numerical scheme ?



aconvenient
Poisson problem ·

·
- mfp we have&

S- u=0

on N

-x
=
u=f -

we have8->U =N

ex = IDUIn



u=exact Soln &Finitevolumes -
&un

= numsoln#-*- S Du= St VSCM
IS

- -= St We Kapprox kn

telements

ou -Sugn=Stu EveHole)
In

-> S-SugStur Free
napprox M ↑



Summary strong form-i -
-x n =f

onon ↓· as
conservation over cells weaktomover
-

-Sno = Sf S Du .Dr-Sugn =ue2K K M



element-wise strong form
- -

weak form !
-x n =f

--

↓ mult by v and integrate over one
element K

element-wise weak form
--

SuDV-Sun = Su
K OK K

Sum over elements

take v=1 onK
and cancel along interior/ ↓

-- )L edges ("facety"

conservation over cells weaktomover
-

-Sno = Sf SU .DV- Sugn = Su
2K K M In -



Cancellingin adjacent cells : let S= K
, UK2

- kz exact U* -

↳
- L ↓<
21I, tinnity ofoh

<

can M

and use
n =

- 12
:

SDU .DU-SUDU =Ser add eiz ,
and N

-
along

S
OK, K,

SDutr-SUDuon = Sohe3 sar-surenIS

= Sfv



def: a numerical scheme for Poisson equation
is conservative if there is an approximation
-

5, -x Un

for numerical solution Up
,

with In single-valued over
>

all edges inTh , so that

SOn = Sf
J K

over every element (cell) K in Th



lemma : (9) a convergent FE scheme based On

-

the element-wise weak form

Su .Dy + En v,0 . n = Sfuh
K

is conservative if V =Ik is an allowed
utest function ↑ characteristic Sunction on K

(b) if an FE scheme is conservative then

② So = SgN + Sf 3 numerically
checkable

ED In in

global-
conservation



demo I will demo 3 Poisson solvers
-

poisson - pCG. py our usual "primal" CG1 (piccewise
- linear) FE schemes with

check onOat end

poisson - pDG.py "primal" DGO #scheme
...
andI don't know how to

Check

poisson - mDG . py "mixed" DGO FE scheme,

with check on O at end



⑥ primal means we solve for Un-

O mixed means we solve for Un
-

and a variable In which
-

approximates 5 = - * Un



testproblem solved by all 3 codes :

do
int

So = SgN + Sf

O O R

fint

·
un



primalDGO :

G
· it faces of cells are perpendicular to-enlines between cell centers I Ki
then

H
②

SUDUn + S UnUnon
2
,250k , 22kz

E En Un(91)
- Un(c2)

(Un(91) - Un(2)--

↳

E "two-point flux approximation"



· "DGO" means un and un are constant
-

on each element

· for DGO, Un=0 and DV-0 in element
,
so

element-wise weak form is just

-Su =Sh

ek
"

· summing over all elements and using
result on previous slide gives this expression

:

F= (jump(u)/Delta)* jump (v) *&S -FAVAdxn

means integral over interior edges



· this is essentially a~ Whitevolume method

irritatingfact 1: Dirichlet conditions

in this method must be imposed weakly
(see code)

Irritatingfact 2 :
I cannot figure out a good way to

do a global conservation check :
-not clear

②=Sgn sa how to do

this integral



MixedDG :
· quite different , and not as irritating

& again un and up are constant on each element
cat least in k= 1 case below)

· start from strong form -Du =f

but write it as system :
-

T = -DU u scalar

Dot=f 3 T= Ca
,8)

Vector

· multiply first equation by vector test

function co and second equation by
scalar test function v, and integrate over :



St .c +Du.-

(. v = Sfv
· integrate by parts to moveoff of u

:

-

St . co - Su . c) +Suwon-
M

S[D:) V =Stu
S &

· since U=0 On Sp , that part of ly Dirichletbecomes
bounday integral disappears natural !



· to enforce Dun = - 0 . n = gN on In requires

Neumann
a Diriolet condition on 5 :Ibecameoral !won= gn3 on In

c . n= O

· Final mixedweak form :

-

S . co - Su . w) =

M

[D. v =
F = dot (sigma, Omega) *dx - * divComega)

*dx

+ div(sigma) VAdx - f AVAdx



· solvingaccurately/stably requires

careful choice of elements :

RTv DG+ Sor
- -

M

To
,
where
-u,v here triangular

- - 3 ↑

E I elements

BDM x DGW
· see literature and "Periodic Table

of the Finite Elements"



results: try
Varying

· poisson-pCGpy is as expected, but when mjk3We measure global conservation , it is

off by much more than rounding error

· poisson , pDG.py seems to work
,
but

no apparent way to check
· poisson-mDG . py works well and

global conservation checks out :

& holds to within rounding ever



references Mixed formulation of Poisson-

↓ equation"
· firedrake project . org/demos/poisson-mixed-py
explains how poisson-mDG .py

works

· github. com/EI roy /hermal porous>
Cexplains how poisson-pDG.py
T

works /Intro.pdf



Further reading :
-

· Hughes et al (2000) .
The continuous Galerkin

method is locally conservative. J. Comput.

Phys . 163(2)
,
467-488

· Periodic Table of the Finite Elements
,

at
z . umn . edu/femtable


