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will demonstrate/derive :↳this example --

① weak forms for explicit (forward Euler)

and implicit (backward Rules time stopping

② basic how-to for time-stopping

⑤ that explicit stepping has stability issues!

④ how the matrix and siness

matrix are behind the Scenes
-



So simplicity :
-ForwardEuler

,
and its weak for assume

# = f(x,y), g=g(y)Ut = Du+
do not depend on t
St

· discretize time te [O,T]

.th=not

· finite-difference for U=:

=Hu
"+

Sor uY(x,y)= u(tn, x, y)



· clear denominators, multiply by V, and integrate :

Surr = Guru + of (h) u +otz 2

· assume us
, utu are in

K=0Hjfe = &w =H'G) : WI,=03
· apply product rule and dir . thm:

Tr : In =g

Gurr-Surv + ot/SVDuhinds - &4i
+otSufv



· apply b . c.s to get weakform : practically
Firedrake

!

see
a

e
= E

3 /29feblI -- Gaiv-Surv + off untir Py·
stepper. py

M R

- ot Syfr-o+ S,gV = 0

· at each time step we will solve this for unI
starting with knowno= U (0, X,3)

,
the

initial condition



=ackward Euler, and its weak form
Ut = D2u+f

· finite-difference Uti

=Du + f ↳ what's
chaneentert

" = u+ It Yn' + otf

· multiply by v and integrate :

Sur = Suru + Otf(aY V + Stf
M z



· assume us
, u"Yu are in H, (2), apply product

rule and dir . Thm:

Surv=uru + ot(SViunds-SuieM

+ ot Sefu
· apply b .c.s to get final weak form: compare

F

Fi= Sun-Surtr + It SuMotive
tot sefut ot Sq9V =0



mocode
dopy/29 feb)stepper· py -
demo !

· produces Paravier files
-

① resultopud (steps n: j ... UN

suitable for animatin

sources · pod (f,g for visualization)

· play with M = (spatial resolutil
,
N=

#of timesteps) , Cit = (time step duration)



Anderthe hood why unstable?

· assume sources fig are zero for simplicity
· explicit weak for :

F = Surv-Sayr + of ADUN
· recall 4; is the hat function at mode (Xi>ii)

def:
-

Mis= Setit; is the mass marix

Ais = SaMcNuts is the sess matrix



· Firedrake's assembly process turns F == 0
into

④
Mu
"
=M + O+A =0

where TER g = (# of nodes
in mesh)

·of course : ↑"Ult
,
x> 4) new values

unt =ultu-1
,
x,y) old values

· so solve /F- = 0
,
unew, ... ) in explicit

- n
case solves linear system * for U



· so forward/backward Enter become matex iterations :
-

Fe--0 Mu-Mi"+otAn=0

E = (I -xtMA) &
-

-
=Q
--

F"= 0 M-M +OtA"= 0

TV EMA)
Pr
e

=Q



Lemma : the iteration i
"
=Q" will

--

cause some mode (some vectorio) to explode

exponentially if and only if there is an eigenvale

of Q with magnitude exceeding 1 :

can there is 0 so that

explode Qx =x3( exponentially < (( with(x) > /



· this explains,uantitatively, our instability :

(explicit time-stepping is observed to be unstable)

= [Q has 17k1)
E
E-otm"A)= * & (x) >

E
mA x =( Y &(x))
I MAX = 2 * & II-2043



= m " Ax = CF &I -20t - 1

-
uses fact that MA is similar

to an SPD matrix, soa is real
-

E MA has an eigenvale L so that

- > 2/t

· note eigenvales of MTA are irely
determined by the spatial mesh-



· by contrast :

eigenvales of Q: = (I+ ot mA)
are all less than 1

· so :Implicitstepping is stable for any

ot > 0
-


