Math 617 Functional Analysis (Bueler) version 4; 17 April 2026

Assignment 8

Due Friday 24 April at the beginning of class

This Assignment is based mostly on the week 12 and week 13 slides.

DO THE FOLLOWING PROBLEMS.

P23.  Refer to Chapter 4 of the textbook' as needed.

(@ Consider f € L*(—m, ) expanded using the complete ON sequence {\/Lﬂe"m}nez.
The coefficients c,, in the expansion

(b) Again assume that f is real-valued. Use the substitution c,, = %(an —ib,), with
an, by, € R, to show the fully-real expansion

f(x) = % + i a, cos(nd) + b, sin(nh).
n=1

Starting from the formula for ¢, as an integral of f, derive the simplified, real formulas
which compute a,, and b,.

P24. (a) Suppose 2 C R?is open and bounded, with Lipschitz boundary so that
the outward normal vector field n is well-defined and the divergence theorem can be
applied. Suppose v > 0 and f € L?*(Q2). Consider the following strong form of the
homogeneous Neumann problem for the Helmholtz equation:

—V*u+~yu=f on¢, Vu-n=0 ondf.
Derive the weak form, where test functions and the solution are from H'((2).

A proof of well-posedness of the homogeneous Dirichlet problem for the Poisson equation, using
the Riesz-Fréchet representation theorem, was shown in the week 13 slides. Please follow this
strategy. However, you will not need the Poincaré-Friedrichs inequality.

(b) Show that the weak form, derived in part (a), is well-posed for u € H'(2).

P25.  Both parts can be answered using strong forms.
(@ LetQ = (0,7)* C R? be the open square. Show that the functions
¢jr(x,y) = cos(jz) cos(ky), j,k € NU{0},
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are eigenfunctions of the Laplacian, and find their eigenvalues. Also show that each
®;1, satisfies homogeneous Neumann conditions along 052.

(b) Iclaim that, for f = 0 and for certain negative values of v, the eigenfunctions of
part (a) show that, on this square (2, the Helmholtz problem in P24 is not well-posed.
Find the values of v where this is true.

The Helmholtz problem in P24, with the restriction -y > 0, is often called good Helmholtz.

P26. (a) AgainletQ = (0,7)* C R% Consider the functions
Y, = sin(jx)sin(ky), j,k €N,

Show that they form a doubly-indexed orthogonal sequence in L*(2), which are eigen-
functions of the Laplacian.

I claim that, with appropriate normalization, the eigenfunctions 1;;, form a complete ON se-
quence. You do not need to prove this, but you will use it below.

(b) Additionally suppose f € L*(f2). Consider the Poisson equation with homoge-
neous Dirichlet boundary conditions:

—V*u=f on¢, u=0 on .
Use the eigenfunctions ¢, to construct the solution u to this problem.
() Show thatu € H'(Q).
P27.  The week 13 slides contain a theorem showing how to solve Laplace’s equation on the
unit disc D C R?. The Dirichlet boundary condition data is g € L*(0D) = L*(S%).

Suppose that g € L*(S'), real-valued, is written as a classical Fourier series, namely in
the form of P23 (b). Define

u(r,0) = % + Z a,r" cos(nf) + b,r" sin(nh)

n=1

for0<r<land —7w<6<m.
(@) Lete > 0. Prove that the series for u converges uniformly on
Di={zeR*:0<r<1-—¢—m <6<, forzin polar coordinates} ,
a smaller closed disc.
(b) Conclude that u is continuous on D.
() Prove that u has boundary values g in the sense that, in the L?*(S') norm,
rlir{l_ u(r,0) = g(0).
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