
Math 617 Functional Analysis (Bueler) assigned 16 February 2026; version 5

Assignment 4
Due Friday 27 February at the beginning of class, firm

This Assignment is based on Chapters 2, 3, and 4 of our textbook,1 and on the lectures
and slides.2

DO THE FOLLOWING Exercises from Chapter 2 (see pages 29–31):
• Exercise 2.2.3

DO THE FOLLOWING Exercises from Chapter 3 (see pages 69–73):
• Exercise 3.2.1
• Exercise 3.2.9 Start by observing that open intervals (boxes) O = (a1, b1)×· · ·×

(an, bn) ⊂ Rn are already in E , thus they are in M. Specifically,
consider the open boxes with rational endpoints. For all parts, use
the fact that M is a σ-ring, i.e. Theorem 3.6, to prove the things
you want.

• Exercise 3.3.1
• Exercise 3.3.2 You may assume the existence of a non-measurable real set. Specif-

ically, you may assume that there exists E ⊂ Rn such that
E /∈ M. Now this problem is easy and short.

DO THE FOLLOWING Exercises from Chapter 4 (see pages 88–91):
• Exercise 4.1.5
• Exercise 4.1.6

DO THE FOLLOWING ADDITIONAL PROBLEMS.

P5. On Assignment 3 you did Exercise 4.1.3 to find the classical Fourier series of
f(x) = x2 on the interval [−π, π]. It is a cosine series because the function is even.
Using that result, apply Parseval’s equality to show that
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P6. (a) Consider a complex sequence (an)
∞
n=1. Show that if an → a ∈ C then the

new sequence

bn =
1

n

n∑
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ak,

which is called the sequence of Cesaro means, also converges to a.

1K. Saxe, Beginning Functional Analysis, Springer 2010.
2See the Daily Log tab of the public site bueler.github.io/fa/ for the slides.

https://bueler.github.io/fa/daily.html
https://bueler.github.io/fa/index.html
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(b) Give an example of a real or complex sequence (an) which does not converge—
justify this—but for which the sequence of Cesaro means (bn) does converge.

(c) This part is a historical research and writing assignment. You do not need to state the
proofs, and no credit will be given for doing so. Instead, explain the statement of the theorem
informally, and explain its significance relative to the theory of Fourier series of continuous
functions covered in lectures. Recall that Dirichlet’s 1829 result is stated in my slides for
weeks 4 & 5.

At a young age the Hungarian mathematician Lipót Fejér proved Fejér’s Theorem3 which
shows that the coefficients of the Fourier series of a continuous function f can be used
to construct a sequence of trigonmetric polynomials which converge uniformly to f .
Please look up this theorem, on the internet or in other books, and understand it. Then
explain in complete sentences, at least 5 sentences, but at most 10, what this theorem
says, how it uses Cesaro means, and how it is related to what Dirichlet proved.

3L. Fejér, 1910. Sur le sommes partielles de la serie de Fourier, Comptes rendus, 150, 1299–1302.


