
-
Axiomsof Quantum Mechanics

· quantum mechanics is a mathematical

model which people have invented to

fit (describe
, quantify) the

experimental facts for atoms
,
sub-

atomic particles, crystals, etc.

② Weirdly , itIs the math of complex
-

Hilbert spaces and their operators!



resources postulates from here

~
I'll take --

-- Caxiom = postulate)

① Wikipedia page for "mathematical
formulation

C of quantum mechanics"

②Wikipedia page for "Divac-von Neumann

axioms"

& B .
Hall
,
Quantum Theory for Mathematicians-S

Springer 2013

④ any graduate-level &M book ?



PostulateI

· note Dirac decoration/style : Ye4t
/

is written "14] and inner product[4,4)

is written
"

<414)"

· the universe is an "isolated physical system"



postulate II :
--

· this will require some unpacking...



· name some "measurable physical quantities":
↓

change
mass

spin
x-coordinate of position
argutar momenti

momentum

energy
mag-moment-T-e ?tim



def : A t 2 (ft) is Hermitian (also

known as Stadioint) if

(Av, w) = v
,
Art for all v, we St

or equivalently, A*=A

-

defi given BEY(St)
, ***, the adoint

is the operator B
*
ELCH) so that

<B*V, w) = <v, Bw) forall vsweif



def: an observable is a Hermitian
-

(self-adjint) operator on G

·I .a makes the

caim : the eigenvectors of an observable

form a basis for4t

·is this true ? I
· the following lemma is the easy part...



Imma : suppose AzL(9t) is hermitian (self-adjoint)
and Av

,
=4

,

~
, and AVz = X2V, for

Y
, #0, V2FO

and x , #12 ·
then <Visz>= O and < = <R

proof:O - ,
<V, ) = [vi,7,V,) = <Y, Ar ,> ↓

-

= (Av , ,
> = (x,,Vi>

= E
,
<V,

v
,
>

2
:

[x, ) IIVill= 0 So x, =5 , :. 4, E/R (also but)

②V ,] = [Viskevin = EvAr
= [AY, 2)

~
notzer

= (x , v,N2) = 4 , <V, Vz) .: -
*
2) [V
,
Und=0
-
↳zert.



Elain

· I.a says that when you observe

a physical quantity in an experiment

you get an eigenvalue of a hermitian

(self-adjoint) A

· this experiments give real results



·
A 319-0 :

...
do we want to require that
-

Z

A is bounded ?

A. No.



Postulate#I



↑ It, Y to , 9t
= L"((R)

=> F=

9 ((**dx = /HF1 = 1
-D

Leti p(x)= (F(x) . then

① pzo

② S
.

%Pdx= 1
.



· Q.
What does it mean for AETISt) to

/
have "discrete spectrum versus "continuousD

.

spectrum" ?

· Q . What does

"dP(c) = / </ 4>Pda"Dieven mean ?



cnotation : It is a complex Hilbert space
A is an observable (self-adjoint

US : Dirac : op, a
t

L
ET Wetm

&

Vegt

I
-

lan> E &t

erst Ave an V A 19n) = 9 n19n7

l C, Cul=<V, u3 = It -and EGt'
V -

bra

Elvll= <v,> = / naui
Pu = <V/> V P= (an)(an)



· I . b says that for "discrete spactrum" ,

if 4 E It describes the current state of

the system, and if (14111,
then

P (observable quantity & yields measured

value an EIR)

= Kv,+R

where AVIan and Hull = /



postulate I.--

· this process , of "state collapse"
when you

do a measurement
,
is the biggest philosophical

mystery?!



KostulateI . 9) = Hilbert space I US heat
equ

- -'
-

H = Hamilton
canO -2

IX-

4(t,x) 1
it t = +x

-->

↳

-

H T

/&
O

in 4"
:

/t =
Af(t) # istindora

I

:

- ④
n(t,td) = e

has soln' x(t) = e
At Yo



·whatkind of operator is a "Hamiltonian":
--

5

feftpartial answer :
(Mnf)(x =

V(x)+(x)--

9 = (((R)

z(x)H =- + y
special case of
the "harmonic

2 . g . u oscillator"
(Hf)() = - f "(x) + xf(x)

[but HKL(It) "... It is unbounded i)



· Q how do we solve (or understand solutions
-Schrodingeraquation ?

6

operator on I=<(R)
e.g- harmonic oscillator

Strodingerequation d
i<2 = H4

I
↳ YeO -

-

2
+ x----

zm >x
-
↑ Kinetic

&
zuE&sation?: initial condition p= it Ex

u

H(t,x) = e
(t/K)

+(0,x)
u

exponentiate the operator It



"funtionalcalculus" E bandedSudinal calculus-
·
-

it Ac[ /9) then we want to

be able to form and understand

new operatorsL
f(A) = < (q-

where actually,
e.g.

expm(a) we will do thisf(z)= ez even for unbounded
to get

f(A) = eA
K

operators



mmaryfrom "Dirac-von Neumann axioms" page :



regardingexpectations : /↑
2

,
3

,4,5, 63 #(k)= it
if At 2(9t) is an observable

and A4K =XuYk for KEN gives an ON

inQM
basis S4BreN of Its then the expectation

1

ofA state+ ESt is

(A) = <Y,A - = , xk/ <44,4)
-

- XkP(2 is in state4



because (for any fe9t)

Af = & <41
,
Af) 4k A=<*xk<Yk,&

k=1

= <A4r
,
f) 4k Iultitekil

- & ik (4u,f) 4k-

k= 1

so
(4
,
An =

E,
42<44

,
4) <4, 4n)



ofquestions - this will finish my slides

&1 An observable is a self-adjoint operator A

on St. Is it tre that its "eigenvectors

form a basis" of It ?

A. Generally, no . We will define the strem
-

of A as a larger subset of K, which includes any
&

eigenvalues. We will prove the spectral theorem

(Chapter5) to update the meaning of "basis!



Q2 An observable A in QM is a self-
--

adjoint operator on 9t. Does that mean AEYC)"

A No
. Many observables in QM are

not bounded , though they are all linear. i
For a single particle in1D , where St = LY((R),
the momentum is P--it . This Ema
is an bonded self-adjoint operator. In t

Chapter 3 we define "unbounded operator"s following



&3 What does it mean for an observable

to have "discrete" or "continuous" spectrum ?

A this will come from (with) the

precise statement and proof of the

spectral theorem in Chapter5.



&4 For continuous spectrums postulate

I . b said that the probability of getting

LEIR from observation (observable) A on state

↑ eff is "dP(x) = / <<It>Pdc".
What does this mean?

A the (rigorous) spectral theorem will

also explain this.



# What kind of operator is a

- Hamiltonian" ?

A It is the unbounded energy operator.
-

For each physical system one can build it

based on formulas for the classical energy.

For example, in the position representation It=LY(IR)

we have P = -it for momentum, and
V(x) is the potential energy , as a multiplication



Acent

operator on 9t . then the Hamiltonian is

H = En +V(x) = 2 fik+ V(x)
2
=Emp + V(x)2

un
u &potential energy
Kinetic energy

as an un bonded self-adjoint operator on9t.



&. How do we solve the Schrodinger

equation, a PDE problem" How does the

quantum state Yest evolve in time ?

E. . H Hamiltonian
,
a self-adjoint

unbounded operator on It

· ik =H Schrodinger equation
- iHt/

· U(t) = e utary U(t)=Y(5-6)
- 6



is created via exponentiating the

Hamiltonian

· 4(t) = U(t) No
u

T *quantum state
at fim t=G

state at t

· since U(t) unitary :

[4CH)
,
4(H) = <U(t) To,Ult) 4o>

=(UC)*Ult)To
,
40) =<I40,ti>

=(No
,
To)

so total probability remains 1


