
Name:
Math 617 Functional Analysis (Bueler) Wednesday 20 March 2024

Midterm Quiz
In-class or proctored. No book, notes, electronics, calculator, inter-
net access, or communication with other people. Precise statements of
definitions, theorems, and lemmas are expected. Proofs will be graded
generously. If you put work on the blank pages at the end, please clearly
label any portions which you would want to be graded. 100 points pos-
sible. 65 minutes maximum.

1. Let (V , k · k) be a (complex) normed vector space.

(a) (5 pts) Suppose S ⇢ V . Define what it means for S to be open.

(b) (5 pts) Let {vn} be a sequence in V . Define what it means for this sequence to be Cauchy.

2. (5 pts) Let H be a complex Hilbert space. Define H
0, the dual space.

SOLUTIONS

def. S is open if for all x =S
there
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exists E> O so that Ba(X) = SyllIx -y 11 < 23
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.

det: Eun3 is Cauchy if for all <30 there
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exists NEIN so that if nMIN then
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3. (5 pts) Suppose 1  p  1. Define `p = `p(N) and its norm. (Hint. Separate p = 1.)

4. Suppose H is a complex Hilbert space and S ⇢ H is a subset.

(a) (5 pts) Define S?, the orthogonal complement of S.

(b) (8 pts) Show that S?
⇢ H is a subspace.

def ,
for 1 Pca

:

eP = [a= 19,an, ...) E, 19n1"
<03

1 allp =( /an(P)
for peto :

1*=[a/ 7 M20 s. t 1an/M Un3

Hallo=SUNIan

def. St =Eve9t /<x, v)= 0 Kx eS3

Prof : Suppose X
,
WE St and x eK

.

Then for XES :

(x
,
v +xw) = (x,v +x(x,w)

= 0+x0 = 0.

Also
<x, 0) =0 .

Since Of St andSt is closed under
addition

and scalar multiplications it is a subspace.I
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5. (a) (5 pts) Define C1
0 (R), the vector space of C-valued smooth functions of compact

support.

(b) (8 pts) Show that if f, g 2 C1
0 (R) then

Z

R
f 00(x)g(x) dx =

Z

R
f(x)g00(x) dx.

(Hint. Carefully do integration by parts.)

def : <88(R) =<f : (R+&1 f * exists forall
ne/N

and
Ja<b real

so that
f(x) =0

if
x+ [usb]}

Prof: Choose [a, b] so that f(x)
=g(X)=0 forall

x * [a,b] . (E. s . choose
interval containing the intervals

for f, 9 .
) Then ga)

=gCb

b b

[ J
,
Stxg'kkSpf"(x)g(x)dx = + "(x)g(x)dx= f(x) g(x)
-

f(a)=f(b)=0↳
-

- O - ([f(x)g-x) - S2)(x)g"(xdx)-

a

-

- o + S +(g"(x)dx-

- Sif(x) g"(x) dx ..

Nots all integrnds are continuous
on [a, b]. A
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6. (8 pts) Suppose V,W are (complex) normed vector spaces, and that T : V ! W is a linear
map. Show that if T is bounded then T is continuous.

7. (8 pts) Let H be a complex Hilbert space. Suppose that P 2 L(H) satisfies P 2 = P
and also that hx, Pyi = hPx, yi for all x, y 2 H. Show that if w = Pu for some u 2 H, and if
W = rangeP , then u� w 2 W?.

Prof: Let xeV and 270. Since T is bounded
,

IIT <0. Let 3= 9/11T11 Then for ye Bg() <V

we have

"ITy
- Txw= IIT (y-xlln -

> ITI My-x)

& IITI S = E .

(
*

If IITIE0 use S= 3. ) B

Prod : Let yew, so y = Pz forzeit

then

<y, u-W = <Pz> u-w>
= (z

,
Pu- Pw]

=(z, Pu-P/Pn)
=<z, Pu- P2n7

+, Pu-Pu> = (z, 0 ) = 0.

thus U-welot (since yeW was arbibary).

T
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8. (8 pts) State the Riesz lemma. (No proof is required.)

9. (8 pts) State the Fundamental Theorem of Calculus. Pay attention to the types of functions
to which the Theorem applies. (No proof is required.)

Riesz lemma If It is a complex Hilbert
-

space with inner product () , and

if left, then there is a unique weft

so that

l(u) = <w,u)

for all u+It. Also DRI = Iwll t
--

entively optional

EIC Suppose f + L'(a , b). Then

F(x)= Sf()d
is continuous and its derivative

exists

a .
2.. Furthermore

9 f(x)dx = F(b) - F(a)
and * F(= f(x) a. e .



6

10. (11 pts) Let
�k(x) = ei2⇡kx

for k 2 Z. Then �k is a continuous, C-valued function on [0, 1], so �k 2 L2(0, 1). (There is no

need to prove this.) Show that
{�j(x)�k(y)}j,k2Z

is an orthonormal set on L2(⌦), where ⌦ = (0, 1)2.

proof Let j
,
k
,
v
,
s E . Note--

E
1 ,

= k

S'E; (x) &k(x)dx = Seizelk-lXdx = 0
,
otherwise

-since [ :It(kil/2n(k i) = = 0 if K-T 70 .
= Sjk

Thus ( = by Fabini's themanu, but you don't need to say it)

↓ (3) Pr(x) &g(y) dx dy
=> S! S! ,(x) Pr(x) Ty(y)4s(y)

dx di

= (S ! Peak (56k(5 ds()d)
= Sir Sks .

So if E;n(x/3)
= 4j(x) &r(y)

then

<Ei ,ErsteStjer
and

e e
so &EjB; is an ON

set
. is
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11. (11 pts) Let H = `2 and suppose R 2 L(H) is the right-shift operator

R(a1, a2, a3, . . . ) = (0, a1, a2, a3, . . . ).

(There is no need to prove that R 2 L(H).) Show that R has no eigenvalues.

Rof Suppose Ra =xa for afft and

&= K . If x= 0 then

Ra = (0
,9 ,92 93..! =10, 0,

0, ... )

So a = An
= a =... = 0 , so a

=0
. Thus= 0

is not an eigenvale .
If 410 then

Ra = (0,4 ,92,9--
= (xa ,Xankas

.)=X4 .

But then 19 ,= 0 so 9 ,
0
.
And Xana, so

②

az= 914 =0= 0 . Continuing by inductions

& Ant = An and an=o so any-a =0
↑

= 0
.
In conclusion an=o for all MEN

so a=0
,
so I is not an eigenvalue . 1
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Extra Credit. (4 pts) The ON set {�j(x)�k(y)} in problem 10, for j, k 2 Z, is actually an
ON basis of L2(⌦) where ⌦ = (0, 1)2. Furthermore this basis diagonalizes the Laplacian operator

Lu = uxx + uyy.

We will see that L is an unbounded operator on L2(⌦). (There is no need to prove any of the

previous statements.) Find all the eigenvalues of L.

Since &Ein(, y)3 = 94;(*) 44(4)3 diagonalizes L
,

we can simply apply L:

L Ejk = (Eixx + (Ejk)by
= (i2tj) i + (izπk)"Ejk

= - 442(j2+k2) jk

So

-(2) = E- 44 2(2+kt) ;, kee .

u
&
= spectrum of 1 (which is the set of

eigenvalues in this case)

(Note that many eigenvalues have large multiplicity.

E
.g.
<= -1642 is for Eco, o , o- o,2;

multiplicity =4 . )


