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Math 253 Calculus III (Bueler) Wednesday, 3 May 2023

Final Exam
No book, electronics, calculator, or internet access. 1

2 sheet of notes
allowed; double-sided okay! 125 points possible. 120 minutes maximum.

1. (8 pts) Match the vector fields F with the plots. Write labels (a) through (d) in the spaces.

F(x, y) = hx,�yi

F(x, y) =
D

�3xp
x2+y2

, �3yp
x2+y2

E

F(x, y) = h2, 4i
F(x, y) =

⌦
4 cos(y3 + ⇡

4 ), 4 sin(
y
3 + ⇡

4 )
↵

2. (10 pts) Determine whether F is a conservative vector field. If it is, find f so that F = rf .

F(x, y) = (yex + sin y)i+ (ex + x cos y)j
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Qx
=ex+cosy

fx=P=yetsing
f(x,y) =ye

+xsiny +g(y)

eY+xcosy =a=fy =e+xxosy
+g(z)g(y)Ey(y)=c

#yex+xsiny "c" optimal
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3. (10 pts) Suppose F(x, y) =
⌦
x2 + y, 3x� y2

↵
. Calculate

˛
C
F · dr for any positively-oriented,

closed, simple curve C enclosing a region D which has area 6. (Hint. Green’s Theorem)

4. (10 pts) Evaluate the line integral if C is the line segment from (0, 0) to (5, 4):

ˆ
C
xey ds =

=
P=x4y,a=3x -y2

GE.d =GPaxtadyESSQx-PydA
=SS3 -1dA =2 Ab =R

S'xte**t = t5,
0 =t21⑧

[Yt =(5,47

=S!5t e4 midt (15) 11=5516
-integrate byparts: =

=5S! te*dt L u=tv=tetC

du=At dr=e*dt-
=5te!-S!ett)
=54(e -(e)) =5)e*-e6

-e+
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5. Consider the closed surface S which is formed by the equations x2 + y2 = 4, z = 0, and z = 1.

(a) (4 pts) Sketch the surface S. (Remember to label the axes and indicate scale on each axis. Sketch

reasonably large! )

(b) (6 pts) Now suppose F =
⌦
x, y, z2 � 1

↵
is a vector field. Use the divergence theorem to compute"

S
F ·N dS =

6. (8 pts) Find a unit vector that is orthogonal to both i+ j and i+ k.

-

12
Sa caused

xy=2 surface-enclose be
S

SSS4.Ear=SSS H1+2z dV
E

=ziz razardo-4(raf)(S. 1=d)
- 45. .[z +E)! =8π(1+) =8x.-

=>
v =(110) x x1,yy =45)=(),) -1)I
= ==Et,)
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7. (a) (4 pts) Sketch the solid which is above the cone z =
p
x2 + y2 and inside the sphere

x2 + y2 + z2 = 1. (Label the axes and indicate scale on each axis. Sketch reasonably large! )

(b) (6 pts) Use spherical coordinates to find the volume of the solid in part (a).

1z

⑳ide
V=SSS10 =Igre

E

=2!!) (S.**sindad)
=2. 5.[-cosk] =(+ 1)

-
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8. (10 pts) Find an equation of the plane through the point (1,�1,�1) and parallel to the plane
5x� y � z = 6. Simplify to the form ax+ by + cz + d = 0.

9. Suppose F = xi+ y2j+ (z2 + xy)k.

(a) (5 pts) Compute and simplify the divergence r · F.

(b) (5 pts) Compute and simplify the curl r⇥ F.

T=(5, -1) -1

Plane:50(r -F)
=(5,-1-k).(x- 1,y

+),z+D
=0

5(x - 1) - (y+1) - (z+1)
=0

2-7 =0

4. E =(22

i
xx= =1 Ex we I =(X -d[

IX y2 z2+xy
- (y -05

+(0 - 0)k

=07
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10. (a) (5 pts) Sketch the plane curve C with the given vector equation, indicating its orientation.
(Label the axes and indicate scale on each axis. Sketch reasonably large! )

r(t) = 4 sin t i+ 2 cos t j, 0  t  ⇡

2

(b) (5 pts) Compute the unit tangent vector field T(t) for the curve C in part (a).

11. (9 pts) Compute and simplify the linearization L(x, y) of the function at the point:

f(x, y) =
p
xy, (1, 4)

1y z t
=0

2

&,
<4cost,-2sint>FH) =t]eIecost,-sint]

f =(xy)* =fx
=I(xy).y =Ex

- fy =I(xy)1.x
=x

2

r ((x,y) =f(x,y)) +fx(xyy0)(x-x0)+fy(x,yd(y - y0)
W 4

=2 +2(x - 1)+ez(y-4) =2
+x- 1 +4(y-4)

-
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12. Suppose
w = xy + yz + zx, x = r cos ✓, y = r sin ✓, z = r✓

(a) (5 pts) State the chain rule for
@w

@✓
which applies in this case.

(b) (5 pts) Compute
@w

@✓
when r = 2 and ✓ =

⇡

2
. Simplify the answer to a number.

Extra Credit I. (2 pts) Stokes’ theorem says that

¨
S
(r⇥F) ·N dS =

˛
C
F ·dr for any surface S in

3D with oriented boundary C. Explain, in sentences and equations, using correct notation, the situation
in which this theorem becomes Green’s theorem. (A sketch may help, too.)

⑳
X
=0

2 =y
+z,* =x+z,5 =y +x I E

:( =(y+z):(rsina) +(x+z).(rcosa)+(y+x).r
=(2+x).(-2.1) +(2-0) +(0+2.2
=- 4 -2π+y=

Suppose S isa surface in the xy plane.
-

then N =K is a normal directions

and DXF =(Gz-Ry, Rx-Pz,Qx-PD,x
So (DxE):n =ax-Py. So

SSxE).NdS =SQx-PydA
=Ed Gem
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13. (a) (5 pts) Find all critical points of the function:

f(x, y) = 2� x4 + 2x2 � y2

(b) (5 pts) Find all local maxima, local minima, and saddle points of the function in part (a).

Extra Credit II. (2 pts) Assume F(x, y) is a conservative vector field defined on a open, connected

region D. Fix any point (a, b) in D. Explain why the formula f(x, y) =

ˆ (x,y)

(a,b)
F · dr defines a function

on D.

- 4x3+4x=0

- -2y
=0

xf =<- 4x3+4x, -23 > X(- x2+1) =0
y
=

0

(0,07
Es x=0 ar x

=11

⑩ and y
=0

(-1,0)

D =fxxfyy - fxy
=(- 12x+4)(-2) - 0

=8(3x-1)

n(t(,0) local max

(1,0) I - localmax

⑦
-

Since E isconservative, E =Df forsome

f(x,y). Therefor FTLI

S. E.dr=SNfodrf(end)
- f(starts)

ispath-independent. So makes sense:it
defines one value (1xx). (And Df=Finfact.]


