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participant-driven seminar logistics

@ sign-up sheet!
@ in-person or hybrid?

o is this classroom adequate?
o what will be the topics?

o are there out-of-bounds topics?
o who is volunteering to talk, and when?

@ my existing webpages . ..improvements?

o bueler.github.io/M692S22
o github.com/bueler/ml-seminar
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http://bueler.github.io/M692S22/index.html
https://github.com/bueler/ml-seminar

today’s talk

@ my topic: how this ¢ neural network does this | classification task
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(Output layer) ° o
(Input layer) Layer 3

x

o an example from this | paper:

HH19 = C.F Higham & D. J. Higham (2019). Deep learning: An introduc-
tion for applied mathematicians. SIAM Review, 61(4), 860-891
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http://www.math.stonybrook.edu/~bishop/classes/math533.S21/MachineLearning/SIAMreview.pdf
http://www.math.stonybrook.edu/~bishop/classes/math533.S21/MachineLearning/SIAMreview.pdf

goal for today

@ know the meanings of some machine learning (ML) language:

artificial neuron activation function

weight matrix bias vector

training stochastic gradient descent
back-propagation

@ which standard mathematical concept(s) match these buzzwords?
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big caveat

@ | am no expert on what | am talking about here
o many in the room know more than me

o | volunteered to give one intro talk, that’s all!
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0 a single artificial neuron

@ forward through a neural net
e training is optimization

0 backward through a neural net
0 running the codes yourself

@ future topics



artificial neuron = nonlinear-ized inner product

@ given (column) vectors v, w € R”
o recall inner product:

n

(w,v)=w'v=> wy
=1

@ apply a nonlinear function
o:R' - R

n
_ . 1
a=o ijvj cR
J=1
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artificial neuron = nonlinear-ized inner product

@ given (column) vectors v, w € R”
o recall inner product:

n

(w,v)=w'v=> wy
=1

@ apply a nonlinear function
o:R' - R

n
a=o ZV|/jVj+b c R
=

o detail: add a bias b € R!
o that’s it! an artificial neuron
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neuron roles

o visinput
o weights w and biases b are
parameters
o they need training

o the activation function o is fixed

o the output ais the activation of
the neuron

n
a=o ijijrb
=
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nonlinear activation function

—
_/

sigmoid RelLU

o o is the activation function

o an increasing scalar function with bounded derivative

@ some possibilities:
1
1+e7

o sigmoid, e.g. o(z) =

o rectified linear unit (ReLU), o(z) = {Z’

Ed Bueler (UAF) Getting started on machine learning

z>0
z<0

Spring 2022

9/58



a trained neuron

o a trained neuron has known
parameters w, b

o then a: R" — R' is a known function:
a=a(v)

o similar cost to inner product

o backward stable

o one might write a(v; w, b) to make
dependence on parameters clear
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history and naming

@ Rosenblatt (1958): from biological motivation, proposes a
perceptron, a single artificial neuron with binary output:

a(z):{1’ z>0

0, z<0

o with learning algorithm
@ Minsky & Papert (1969): a single layer of perceptrons cannot even
learn the XOR function!
o single layer perceptrons are linear separators
o support vector machines are perceptrons of optimal stability
o feedforward artificial neural networks (ANN), the next topic, are
sometimes called multilayer perceptrons
o ...which ignores activation function details
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1) a single artificial neuron
o forward through a neural net
3) training is optimization
4) backward through a neural net
5) running the codes yourself

6) future topics



feed-forward networks

.\.

O —‘.
O—».
Layer 4
Layer 2
Layer 1 Y (Output layer)
(Input layer) Layer 3

o considering only feed-forward networks in this talk
o edges connect consecutive layers, in order
o in ML language: feed-forward versus recurrent
o in graph language: “feed-forward network” = connected, directed
acyclic graph which is equal to its own transitive reduction ... ?
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network notation

@ notation from HH19
@ ny is number of neuronsinlayer £ =1,...,L

o ¢ =1isinput layer

o input values are first-layer activations: x = al'l ¢ R™

o ¢ = Lis output layer

o output values are final-layer activations: y = altl ¢ R™
o activations in layer ¢ form a vector al‘l ¢ R™

o alis activation of neuron j in layer ¢
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weight notation

o weight Wj[,f] on the edge from neuron aEf_ﬂ to neuron aj[.e]
o thus

Np_1
a/m =0 (Z Wj[,f]agf*” + b,-)
k=1

@ which suggests matrix-vector multiplication!
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weight notation using vectors and matrices

o one (row) vector of weights for each neuron
o the inputs to the neurons in a layer are weighted by a matrix:

; _ _ ¢
W = (weights into layer ¢) = [W/[k]}

o WWis ny x ny_q
@ assuming o applied entrywise:

44— 5 (W[e] a1 4 bm)

o bias vector bl € R™
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forward pass = nonlinear-ized matrix multiplication

PN
o—@ °
S ;X

\./

Layer 4
Layer 2
Layer 1 v (Output layer)

(Input layer) Layer 3

o for this small L = 4 network:
y=a"=¢ (W[4]a[3] + b[‘”) S
-0 (W[4]a (W[S]a (W[Z]X + b[2]) + b[3]> + b[4])

o over-simplified: o(z) = z and bl = 0 implies y = WHWBIWPlx
o feed-forward network = nonlinear- & affine-ized matrix product
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forward-pass neural network formulas
o compute from input x = al'l to output y = al! by layers:
al = o (W[fla[’f—11 n b[‘f]) for¢=2,3,....L

o equation (3.2) in HH19
@ thus a forward pass is an obvious loop:

FORWARD(X):
al'l = x
fort=23,...,L:
Zl0 = wldgle=1 4 pld
afl = o (211)
return y = altl

o {WH} and {bl} are stored in some data structure
o o(z) is implemented entrywise
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forward-pass computation work model (minor point)

@ work = number of floating-point operations
o work at layer ¢:

2n[€*1]n[£] + O(n[e]) — O(n[£*1]n[é])

o using big-O in the “n — oo” limit of big layers
o evaluating activation functions is cheap
o the work at one layer is basically just a matrix-vector product

o the total forward-pass work in an L-layer network is asymptotically
the same as L matrix-vector products:

L
> o(nt1nl) = O(LnZ )
=2

@ note: a forward pass is easily computed by GPU hardware
o versus solving linear systems . ..
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1) a single artificial neuron

2) forward through a neural net
o training is optimization

4) backward through a neural net

5) running the codes yourself

6) future topics



training is a biologically-motivated procedure

o imagine teaching your dog to read numbers 1,2,3:

(VAN /20700 N7
2AR)]a 232222222222
3233333%>3333333

@ example training procedure:
@ randomly present one image of a digit from above

@ if dog barks correct number of times then gets treat

bark! bark! —

@ otherwise move on to next image
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training yields persistant changes to brain

@ biological learning can last from hours to decades
@ something permanent/persistent changes within the brain
o but neuron excitation is electrical (activation is temporary),
o and neuron count is relatively fixed
@ training yields chemical or morpological changes in connections
between neurons, especially the synapses where the axon

connects to another neuron’s dendrite

Dendrite
Axon Terminal

Neurotransmitter
Neurotransmitter

<\ \transporter
Synaptic \/ & xon
terminal

vesicle \
Voltage- &)
gated Ca** b
® 0 o Synaptic

channel

Schwann cell 00 &
Postsynaptic @ﬁ ¥ 1‘f' L r— Receptor cleft
Dendrite

density

Myelin sheath
Nucleus
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artificial neurons as a model of real neurons

@ but biological realism is not needed for machine learning!
o we use a simplified artificial neuron:

n
o this model is merely a formula:  a=o <Z Wi Vi + b)
k=1
o however, training needs to make “permanent” changes in the
weights wy and biases b

o after training, forward passes are the network’s “learned behavior”
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how does training work?

o so, how does training work in artificial neural networks?
@ only considering supervised training here
o given: N pieces of labeled data (pairs)

Ayt fori=1,... N

o x{} € R™ are the data
o ylit ¢ R™ are the labels ‘
o in a classification task, the y{"} only take on finitely-many values

o observation: the labeled data determine the number of neurons in
the first and last layers
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example (classification task)

o example classification task data (x{}, y{}) in one figure

N =10 |
marker coordinates give x} € [0, 1]

o O

o marker type gives y{/}:
A1 )
-yl = oyl —
o=l o=l .
S\

o a neural net for this data must have ny = n, = 2: ><

ignore shading for now ... O—e L4
° 19 g e~
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a supervised training cost functional

o supervised training means choosing the weights W and
biases bl¥l, in all the layers, so as to approximately minimize the
average misfit between the the network output from input data
vector x{'} and the corresponding label vector y{/}

o using the squared 2-norm for the misfit, this is a formula:
1 L 1
_ ' AP ONE
Cost = N /Z; 5”)’{'} — al(xth)|

o al(x{) = output-layer activation from forward pass with input x{/}
o the Cost is a scalar-valued function (functional) of the weights and
biases
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better training notation

o let’s give all the parameters a single-letter name:
p={wWB wBl _ wit pll pBl  pl} e RS
o p collects all weight matrices and biases into one big column vector
o define the cost (misfit) of the network for one data pair:
, 1 , 0 2
cit(p) = - Hy{:} _4 ](X{I};p)H
2 2
o key idea:

The output from a forward pass through the network, namely
all(x1}; p), depends both on the input data x'} and all the
weights and biases p. We emphasize that the cost of one data
pair is a function of p: Cl}(p).
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cost functional = objective = average misfit

@ now define a total cost functional, or objective, C(p)
@ C(p) is the average misfit over all the labeled data:

1 on i
Cp) =5 > C"p)
i=1

1 N . . 2
S
i—1
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training = nonlinear least-squares optimization

@ compare

2

o= g 35 0 -
i=1

to “nonlinear least-squares” in a standard optimization textbook
(Nocedal & Wright, 2006; Chapter 10):

In least-squares problems, the objective function f has the following special form:
Flx) =1 rjx).
j=1
where each r; is a smooth function from R" to R. We refer to each r; as a residual,
o training a neural net is nonlinear least-squares optimization

o |yt — at(x{; p)||, is the residual norm for ith data
o it becomes zero when the network fully-learns the ith data
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fundamental idea: cost is a function of weights and biases
o recall p = {WP, Wl . wil pl2l pl8I  plt}
o the cost for one data pair is a function of p:
. 1 . i 2
it (p) = - Hy{/} _4 ](X{I};p)H
2 2
o thatis, given parameters p, one forward pass through the network,

using input x{}, is needed to evaluate C{}(p)
o from now on we simplify notation: ~ all = all(x{}; p)
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fundamental idea: cost is a function of weights and biases

o recall p = {WP, Wl . wil pl2l pl8I  plt}
o the cost for one data pair is a function of p:

, 1 , 0 2

ci(p) = 5 Hy{/} _4 ](X{I};p)Hz

o thatis, given parameters p, one forward pass through the network,
using input x{}, is needed to evaluate C{}(p)

o from now on we simplify notation: ~ all = all(x{}; p)

Q. why is C(p) = y N, [[y 1 - a[Lle a function of p?

a. because the activations of the final layer, namely alt, are
determined by the weights and biases in the network
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gradient descent

N
o our goal is to minimize  C(p) = 21W 3 Hy{"} - alL]Hz
i=1

o the function C(p) is differentiable
o why? what does this assume about the network?

@ ...thus we can compute the gradient VC(p)
o the gradient points up hill on the surface C : RS — R,
o natural idea: do gradient descent
GD(p):
fors=1.2,...:

p < p—nVC(p)
return p
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gradient descent (GD) is miserable

GD(p): i
fors=1,2...: ‘
p < p—nVC(p) ‘ I\\ 3$
return p ' :

o GD is simple to program
o ...but it will always let you down
@ known issues with naive GD:
o itis not clear how far to step (how to set n?)

o C(p), VC(p) provide no information

o provable convergence requires a line search or trust region approach,
otherwise G(p) may not even decrease

o nis called the learning rate in machine learning

o if GD converges, it may be to a local minimum only
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gradient descent in machine learning: the 2 insights

@ GD is widely used for training in machine learning (ML)
o a seminar priority?: GD limitations, modifications, alternatives

o ML applies 2 “insights” (habits?) about how GD should work:

@ stochastic gradient descent: since N is big, and because
overfitting should be avoided, do not compute the whole gradient

VC(p), but instead a randomly chosen VC!'}(p)
o i.e. choose data (x{"}, y1t) and do

p«p-nvCc(p)

o orachoose a batch: p < p —n >°7, VCth(p)

@ back-propagation: when computing VC{}(p), regard the chain
rule as information which can be fed backward through the network

o back-propagation uses info found in computing forward for C{"* (p)
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stochastic gradient descent (SGD)

SGD(p):
fors=1,2...:
i = (random uniform from {1,..., N})
p « p—nVCi(p)
return p

o above is vanilla SGD
o note i is chosen with replacement
o variations:

o choose i without replacement
o batching: p < p—ni 37, VCk} (p)
o online: N unknown; data pairs (x{}, y{) are provided by a stream
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observations about the cost gradient

2

2

=30 om0 ]

o N = amount of training data .. N is (should be) large
o gradient for one data pair:

Vel (p) = v [;(y{f} _ altyT (0 - a[Ll)}

n

i L L
- o
Jj=1

@ chain rule will be needed to expand further

o network output al[” is a composition of matrix-vector products and
(nonlinear) o applications

@ how to compute Vaj[.L] efficiently? . ..time for the chain rule!
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interlude: the buzzword list

o artificial neuron
o activation
o activation function
o sigmoid, ReLU
o weight matrix
o bias vector
artificial neural network = ANN
o feed-forward network
training
o supervised learning
o labeled data
o nonlinear least-squares optimization
stochastic gradient descent = SGD
o learning rate

back-propagation = BP

©

©

(%)

©

©

machine learning = ML
o deep learning if L > 2

Ed Bueler (UAF) Getting started on machine learning Spring 2022

36/58



1) a single artificial neuron
2) forward through a neural net
3) training is optimization
0 backward through a neural net
5) running the codes yourself

6) future topics



cost gradient with respect to weights and biases

o recall:

o p={WR wBl  wit pll pBl . plt} c RSis a grab-bag of

parameters

o . 110 . 2
o cost for one pair (x{}, y{i}): ct(p) = > Hy{’} - a[L]H2

) {7} {1}
o want: vcit(p) = oC oC }

oo ops
o the components of this gradient come in two types:
oclt  acli

[ [
oW ob;
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chain rule on the cost (for the last layer)

Z wlglt=11 4 plt
J

o recall: z

o expand the 2- norm and the activation in the one-pair cost formula:

. 1C 4 1
c(p) =5 > 0" = a(z)?
=a;
o thus by the chain rule: !
acth [actt oz [acti] |,
= = a
0 [0 | 100 [ |%
8ij 8zj 6ij 8zj
octt [actir]|oz! [act
b} B oz | obf! B oz/"

o the boxed quantity shows up a lot, so it gets a name ...
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chain rule on the cost

o define, following HH19:

M acth
I 82[@
J

o this definition is for any layer ¢ ‘ '
o remember that this is for one data pair (x{}, y{i})

o for the final layer ¢ = L we already have:

o =~ — a2l

] ] ]
octh ol L]
8W[L] /
jk
octi _ Sl
o
]
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chain rule on the cost

@ to go further back into the network, follow multiple routes:
aj[.L] depends on aLL_” for different k, then aE(L_” depends on

a[SL’Z] for different s, . ..

o example: what is derivative of cost C{} with respect to w/2/?
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find inside the chain rule: multiplication by the transpose

o example. L = 4; consider a weight into layer ¢ = 3:

o Nze

; ; (3]
octh ot 821- 8] (2]

owl ~ 0T ow >
multi—route easy \ ° /

o but 61[3] relates to the next-layer deltas 5[4l by matrix multiplication:
g _ 9C1 _ Ihocth ol
I 82}.[3] —1 82[4] 82[3]
) ny [4] 82[4] 53[3]

b 8ap]82p]

26[4] 50 [3] ((W[4])T5[4]>.0/(Zj[3])

)
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the heart of back-propagation

o define the entrywise (Hadamard?) product of vectors x, y € R™:

(X oy)j = Xy;

Lemma

}
the vector 6t = {8 0 ] e R™ can be computed by (back-)
0z;

J

multiplying the weight matrix transposes (adjoints):
s = o/(z1) o (al — 1,
oM =o' () o (W) Tl = —1,L—-2,...,2

—_— ——
matrix-vector product

o key point: start with last layer ¢ = L and count downto ¢ =2
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back-propagation provides the cost gradient

Corollary

once the 519 are calculated, all components of the gradient are easy:

oCt _ a1 9CU _ g
=% % G
OWj ob;

fort=2,...,L

0 observation: as a matrix,

oct
owt

is a rank-one outer product
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pseudocode: forward pass with back-propagation
from x, y and p = { W14, bl1} compute C(p) and VC(p):

FORBACK(x, y, W4, pl¥):

fori=2,... L:

A0 — Wi gle=11 1 ple

al = o(20), = 521
C =3y - a3
S — rll o (ald — )
fore=1L, ... 2:

if ¢ <L:

51 — rl o (WIEHTI)T lE41]

aawm = sld(alt—1)T

¢
abiél = ol
ac
return C, {8W["] } ) {m}
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we are ready to train an ANN

o we are ready to train a network, e.g. on a classification task:

- - /.\ )
o]
O o [
x x
> .
O—*‘ . o x ;
) x

Layer 1 Layer 2 . Layer 4

(Output layer)
(Input layer) Layer 3

@ one could call FORBACK() in a SGD training loop:

fors=1,2 ...

i = (random uniform from {1,..., N})

clit, 8c 00T = Forsack(x (), y (1} )
Wil wia gﬁ/{[’z

pld « pld 4y %%}

@ also natural to combine in one loop: (forward pass) + BP + SGD
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pseudocode: training using SGD and BP
integrate SGD into the FORBACK() loop; see netbp .min HH19:
TRAINING({x {1}, {y1}, {Wi}, {bl1}):

fors=1,2,...
i = (random uniform from {1,..., N})
al'l = i
fore=2,...,L:

20 — wiagle-11 4 pld
gl — g(zm)’ rld — g’(z[él)
Sl = rlt o (glt — i)
fori=1L, ... 2:
if { < L:
S — fl o (WY T sle+1)
Wi — Wil — 5l (gl T
bl pld _ 4610
return { W1} {pl1}
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1) a single artificial neuron

2) forward through a neural net

3) training is optimization

4) backward through a neural net
O running the codes yourself

6) future topics



Matlab implementations

©

HH19 includes a Matlab implementation of TRAINING() for the
small (L = 4) ANN and classification task | have been showing

0 see netbp.mand netbpfull.m at
www.maths.ed.ac.uk/~dhigham/algfiles.html

o | rewrote this code for my own amusement; see examplel .m at
github.com/bueler/ml-seminar/tree/main/talkl/code
o my codes are tested in both Matlab and Octave
o as a UAF person you have access to Matlab online if you want it
matlab.mathworks.com
o from now on, I'll assume you can run these things
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HH19 code netbp . m fits on one page

function netbp
ANETBP Uses backpropagation to train a network

WRRAAAYL DATA WARARARAARS

x1 = [0.1,0.3,0.1,0.6,0.4,0.6,0.5,0.9,0.4,0.7];
x2 = [0.1,0.4,0.5,0.9,0.2,0.3,0.6,0.2,0.4,0.6];
y = [ones(1,5) zeros(1,5); zeros(1,5) ones(1,5)];

% Initialize weights and biases

rong(6000);

W2 = 0.6%randn(2,2); W3 = 0.5%randn(3,2); W4 = 0.5%randn(2,3);
b2 = 0.56*randn(2,1); b3 = 0.5%randn(3,1); b4 = 0.5*randn(2,1);

% Forward and Back propagate

eta = 0.05; % learning rate
Niter = 1lef; % number of SG iterations
savecost = zeros(Niter,1); ¥ value of cost function at each iteration
for counter = 1:Niter
k = randi(10); % choose a training peint at random

x = [x1(k); x2(k)];
% Forward pass
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running netbp .m

@ run graphics version of netbp.m in Matlab online:
>> tic, netbpfull, toc
spews cost values
Elapsed time is 148.599924 seconds.

o does 108 SGD iterations .. .that’s not great for a small network

o result: right figure below shows the contour where aE‘” > a[24]

@ my octave version produces similar result in similar time

1 s :
] = 10°: &
5 i
8 I
E -
x x g (/ x x
o 2107 o \
O x ° O\
x 3 N x
o N 3 o\ X
o 10 ; °
o 0 5 10 0 B
o 1 Iteration Number 105 o :
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1) a single artificial neuron

2) forward through a neural net

3) training is optimization

4) backward through a neural net
5) running the codes yourself

@ future topics



there is so much more to say

o please actually read HH19?
o next are 4 topics which might catch your interest as a talk
o these topics have math inside!
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convolutional neural networks (CNN)

@ based on discrete convolution of time series and images
o atalk to explain convolution, sans neural nets?

@ CNNs win at image classification
o example given in HH19

o\o
\ ”\ \ output

— — — — Q\ — \ class
\ "elog”

Input Image 32 feature maps 32 feature maps 64 feature maps  feature vector feature vector
(32 x32x3) (16 x 16) (8 x 8) (4% 4) (64 % 1) (10 x 1)
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autoencoders

@ one form of unsupervised training
o fit the identity map with a fancy nonlinear function (!)

Input Output
— N
LN i

(NN 7
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support vector machines

o recall: “single layer perceptrons can’t compute XOR”
o linearly-separable classification problems
@ support vector machines (SVM)
o add stable optimality to linearly-separable classification

XZ Hy H, Hy
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stochastic optimization

o stochastic optimization

o the objective function is random; the goal is to minimize the
expected objective value
o SGD is well-suited for this goal?

@ online machine learning model

@ improvements on SGD

o momentum
o dropout
o Adam (—), and etc.

rates for the moment estimates
with parameters 6

Exponential de

EERE

) (Get gradient
(1= B1) g
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additional topics?

recurrent neural networks
graph neural networks

algorithmic/automatic differentiation
classical nonlinear least-squares methods

o Gauss-Newton
o Levenberg-Marquardt

classical optimization: Newton-type methods
o quasi-Newton methods, especially L-BFGS

© 06 0 o

©

©

and on and on through the buzzwords . ..
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