Math 404 Topology (Bueler) November 23, 2016

A closed ball in a big vector space is not compact

The title should probably be “in at least one infinite-dimensional vector space, a closed ball
of radius 2 centered at the origin is not compact,” but that is an awkward title. It is not too hard
to extend the idea here, and one can show that in a infinite-dimensional Hilbert space' every
non-empty closed ball is not compact.

First, I claim a general fact about metric spaces, that a collection of isolated singletons is
closed, even if there are infinitely many such singletons. To understand it, one should sketch
the balls used in the proof.

Lemma. Suppose that (X,d) is a metric space. Suppose W C X has the property that every element
of W is isolated away from every other element by a distance § > 0, in the precise sense that, for this
d >0, x € Wimplies Bs(x) N W = {x}. Then W is closed.

Proof. We show W C W so that W = W and thus W is closed. Let y € W. Then there is
x € Bs(y) N W, by definition 6.7. But then y € Bs(x).
If y ¢ Wthen z # yso d(z,y) > 0. Noting 0 < d(z,y) <6, let

€ = min {;d(w,y),é — d(m,y)} > 0.
Let z € Bc(y). Then
d(x,z) < d(z,y) +d(y,z) < d(z,y) + € < d(z,y) + 6 —d(z,y) = 6

so z € Bs(x). We have proven that B.(y) C Bs(z). On the other hand, z ¢ B.(y) because
otherwise d(z,y) < e < 1d(z,y), a contradiction. So now B.(y) N W = () because otherwise
Bs(x)NW 2 B(y) NW contains a point other than z. This contradicts y € W. Soin facty € W
and thus W is closed. O

Now recall the vector space I described in class:
X ={f:[0,1] = R : fiscontinuous}.
(The standard notation is X = C/([0, 1]).) We define both an inner product and a metric,

1
()= [ f@ate)do.
1 1/2
.0 = ([ @ - g@)de) = f =000,
One can find an infinite orthonormal set in X. To be concrete, for k = 1,2,... let
fr(x) = V2sin(krz).

Trigonometric integrals—a good exercise in calculus—give (f;, fi) = 0if j # k, while (fi, fi) =
1. Note that if j # k then

d(fis o) = i = fis fi = fo) = (5 f5) = 2(fis fo) + (frs fr) =1 -0+ 1 = 2.

1See en. wikipedia.org/wiki/Hilbert_space.


https://en.wikipedia.org/wiki/Hilbert_space

Let o
W = U{fk}:{f17f277fk7}
k=1

If u,v € W are distinct then d(u,v) = v/2. Apply the lemma with § = /2 to conclude W is
closed. This fact removes the technical hang-up, experienced in lecture, in showing that there
is a closed and bounded set that is not compact.

Proposition. The closed radius 2 ball in X centered at the origin, namely

C=B3(0) = {f € X : d(,0) <2},
is not compact.

Proof. Let Uy = Bj/2(fr), an open set containing fj. Note that U; N Uy = () if j # k because if
g € Uy NUx = By s(fj) N Byja(fx) then

1 1
which is false. Now, with W defined above,
u:{X\W}U{Ul,UQ,...,Uk,...}

is an infinite open cover of C. In particular, if h € C' N W then h = f;, for some k and thus
h € Uy, while if x € C'\ W then z € X \ W. On the other hand, no proper subcover of U is
a cover. This is because U \ {Uy} does not contain f, € C and U \ {X \ W} does not contain
0 € C (in particular). Thus C is not compact. (]



